Point and path performance of light aircraft:  A review and analysis by Summey, D. C. et al.
I f l 9 9 - 2 7 4 3 z  
N A S A C O N T R A C T O R  N A S A  C R - 2 2 7 2  








POINT AND PATH PERFORMANCE 
OF LIGHT AIRCRAFT 
A Review and Analysis 
by Frederick 0. Srnetunu, Delbert C, Summey, 
and W. Donuld Johnson 
Prepared by 
NORTH CAROLINA STATE UNIVERSITY AT RALEIGH 
Raleigh, N.C. 27607 
for Langley Research Ceizter 
~ N A T I O N A L  AERONAUTICS A N D  SPACE A D M I N I S T R A T I O N  W A S H I N G T O N ,  D. C. JUNE 1973 
https://ntrs.nasa.gov/search.jsp?R=19730018295 2020-03-22T23:54:46+00:00Z
1. Repon No. 
4. Title M d  Subtitle 
2. Government &ion No. 
NASA CR-2272 
POINT AND PATH PERFORMANCE OF LIGHT AIRCRAFT-- A REVIEW 
AND ANALYSIS 
3. Recipient's Catalog No. 
5. Repon Data 
6. Worming Organization Coda 
June 1977 . 
7. Author(s) 
Fiederkk 0. S ~ e t s r ? ~ ,  Delbert C.  Summey, and W. Donald Johnson 
~ 
I 
9. Worming Orgmiation Name and Add- 
North Carolina State University a t  Raleigh 
Department of Mechantcal and Aerospace Engtneering 
Raleigh, North Carolina 27607 
12. Sponsoring AQWE~ Nam and Addna 
Nattonal Aeronauttcs and Space Administration 
Washtngton, D. C. 20546 
. 
For rlr by the National Technicdl Information Service, Springfield, Virginia 22151 
8. Worming Orgonization R q n m  No. 
10. Work Unit No. 
11. Contract or Grant No. 
NAS 1-9603 
13. T y p  of Report and Period Cowed 
Contractor ReDort 
14. Sponsoring Agency Coda 
18. Abstract 
The literature on methods for predicttng the performance of light aircraft I s  reviewed. The 
methods discussed in the review extend from the classical  instantaneous maximum or mtnimum 
technique to techniques for generating mathematically opttmum fltght paths. Classical  point 
performance techniques are shown to be adequate in  many cases but their accuracies are com- 
promised by the need to u s e  simple l tf t ,  drag, and thrust relations in order to get closed form 
soluttons. Also the investigation of the effect of changes in weight, altitude, conftguratton, 
etc. involves many essenttally repetative calculations. Accordingly, computer programs are 
provided whtch can fit arbitrary drag polars and power curves with very high prectston and 
which can then use the resulting fits to compute the performance under the assumption that 
the atrcraft is not accelerating. Path performance programs are a lso provided which permit 
the user to specify the variations with time of any two of stx quantittes (V, h, P ,  a , W, y ) 
and to receive as output the correct variations with time of the other four quantities. Thts 
program is desirable when opttmum performance is not obtained under steady state condittons 
but rather during what may be termed maneuvers. Detailed program listings and tnstructtons 
for use are provtded as are several worked out example problems. Programs to compute math- 
ematically optimal flight paths are not provided because those cases where soluttons have been 
obtained lack generaltty and because considerable mathemattcal sophistication is requtred to 
determine which problems can be treated by existtng techniques. Also, the path performance 
program can be run repeatedly to identify quasi-optimal paths. , 
17. Key Words (Suggested by Author(r)) 
Light Aircraft, Atrcraft Performance Analysis, 
Trajectory Analysts, Drag Polar, Integration of 
Non-ltnear Differential Equations 
18. Distribution Statement 
Unclassified - Unlimited 
19. Security Classif. (of this report)- 20. Security Classif. (of this m) 
Unclassif led Unclassified 
21. NO. of pages 22. Rice. 
135 $3.00 
TABLE OF CONTENTS 
Page 
GENERAL INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
LITERATURE REVIEW . . . . . . . . . . . . . . . . . . . . . . . . . . .  5 
POINT PERFORMANCE . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 1  
I n t roduc t i on  . . . . . . . . . . . . . . . . . . . . . . . . . . . .  11 
D e r i v a t i o n  of  P o i n t  Performance Equations . . . . . . . . . . . . . .  13 
Maximum and Minimum Level F l i g h t  Speed . . . . . . . . . . . . . .  14 
Maximum Rate of  Climb . . . . . . . . . . . . . . . . . . . . . .  14 
Maximum Climb Angle . . . . . . . . . . . . . . . . . . . . . . .  14 
Serv ice  C e i l i n g  and Absolute C e i l i n g  . . . . . . . . . . . . . . .  15 
Maximum Range Speed . . . . . . . . . . . . . . . . . . . . . . .  15 
Maximum Endurance . . . . . . . . . . . . . . . . . . . . . . . .  16 
Maximum Time t o  C l i m b  . . . . . . . . . . . . . . . . . . . . . .  16 
Most Economical Climb . . . . . . . . . . . . . . . . . . . . . .  16 
Computer izat ion Procedure fo r  P o i n t  Performance Equations . . . . . .  18 . 
Maximum Power Ava i l ab le  . . . . . . . . . . . . . . . . . . . . .  18 . 
L i f t -D rag  Curve F i t t i n g  Technique . . . . . . . . . . . . . . . .  19 
S o l u t i o n  o f  t h e  Pseudo-Polynomials . . . . . . . . . . . . . . . .  20 
Examples of P o i n t  Performance Ca lcu la t ions  . . . . . . . . . . . . .  22 
Take-Of f and Landing Performance . . . . . . . . . . . . . . . . . .  30 
Take-Off Ground Run . . . . . . . . . . . . . . . . . . . . . . .  30 
CI imb t o  50 Feet . . . . . . . . . . . . . . . . . . . . . . . . .  36 
Landing Approach . . . . . . . . . . . . . . . . . . . . . . . . .  36 
TABLE OF CONTENTS (cont inued) 
Page 
Landing Ground Run . 
PATH PERFORMANCE . 
Descr i p t  i on o f  . Procedure Emp 
Typ ica l  Resul ts 
CONCLUD I NG REMARKS 
REFERENCES . . . .  
APPENDICES . . . .  
. . . .  
he Path 
oyed t o  
from I n  
. . . .  
. . . .  
. . . .  
. . . . . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . . . . .  
Performance Equations and t h e  l n t e g r a t  
Obtain F l i g h t  Time H i s t o r i e s  . . . .  
e g r a t i o n  o f  t h e  Path Performance Equat 
. . . . . . . . . . . . .  
. . . . . . . . . . . . .  
. . . . . . . . . . . . .  
A . Nomenclature . . . . . . . . . . . . . . . .  
B . Der iva t i on  of  General Performance Equations . 
C . P o i n t  Performance Program . . . . . . . . . .  
User I n s t r u c t i o n s  . . . . . . . . . . . . .  
L i s t i n g  . . . . . . . . . . . . . . . . . .  
Sample Output . . . . . . . . . . . . . . .  
D . Path Performance Program . . . . . . . . . .  
User I n s t r u c t i o n s  . . . . . . . . . . . . .  
L i s t i n g  . . . . . . . . . . . . . . . . . .  
Sample Output . . . . . . . . . . . . . . .  
E . Li f t -Drag Curve F i t t i n g  Program . . . . . . .  
User I n s t r u c t  ions . . . . . . . . . . . . .  
L i s t i n g  . . . . . . . . . . . . . . . . . .  
Sample Output . . . . . . . . . . . . . . .  
. .  
. .  
on . .  
ons . 
. .  
. .  























TABLE OF CONTENTS (cont inued) 
Page 
F . Power Es t imat ion  . . . . . . . . . . . . . . . . . . . . . . . .  122 
G . A Pred ic to r -Cor rec tor  Method f o r  Numerical I n t e g r a t i o n  o f  
Re laxa t ion  D i f f e r e n t i a l  Equations . . . . . . . . . . . . . .  125 
H . A Discuss ion of Spec i f i c  Fuei Corisurilpfloii . . . . . . . . . . . .  128 
V 
GENERAL INTRODUCTION 
I t  has long been recognized by l i g h t  a i r c r a f t  manufacturers t h a t  t h e  
technical cons idera t ion  which e x e r t s  t h e  largest  in f luence on sa les i s  t h e  
performance of t h e  a i r c r a f t .  i t  an a i r c r a f t  cz? c!lmb higher, f l y  f u r t h e r ,  
c r u i s e  f a s t e r ,  and land and take o f f  on shor ter  runways than o t h e r  a i r c r a f t  
f o r  t h e  same payload and pr ice,  then it w i l l  usua l l y  s e l l  b e t t e r  than i t s  I 
compet i t ion.  A s u b s t a n t i a l  p o r t i o n  o f  the engineer ing e f f o r t  expended on 
a new design i s  t h e r e f o r e  devoted t o  est imat ing t h e  performance improvement 
r e s u l t i n g  from a g iven change i n  conf igura t ion  o r  powerplant. What one would 
l i k e  t o  be a b l e  t o  do i s  t o  suggest those changes which r e s u l t  i n  optimum 
performance f o r  t h e  pr ice .  
The Nat iona l  Aeronautics and Space Admin is t ra t ion undertook t h e  present 
study t o  a s s i s t  t h e  l i g h t  a i r c r a f t  industry and aeronaut ica l  educat ion i n  
general.  I t  was f e l t  t h a t  t h e  t a s k  o f  s e l e c t i n g  t h e  best  performing con- 
f i g u r a t i o n  f o r  t h e  p r i c e  would be g r e a t l y  f a c i l i t a t e d  i f  t h e  p e r t i n e n t  
research r e s u l t s  o f  t h e  l a s t  35 years were r e a d i l y  a t  hand i n  eas i ly -usable 
forms. 
methods and data most app l i cab le  t o  t h e  est imat ion of l i g h t  a i r c r a f t  per- 
formance would appear t o  s a t i s f y  these requirements. The present  work seeks 
t o  p rov ide  these programs along w i t h  a d e t a i l e d  review of t h e  methods used 
and some worked-out examples. The work i s  thus analo.gous t o  previous s tud ies  
(Refs. I ,  2) which approached t h e  p r e d i c t i o n  o f  r i d i n g  and handl ing q u a l i t i e s  
o f  l i g h t  a i r c r a f t  i n  a s i m i l a r  fashion. 
A computer program employing a c o l l e c t i o n  and arrangement o f  those 
As w i l l  become ev ident  from t h e  l i t e r a t u r e  review fo l lowing,  performance 
es t imat ion  can be t r e a t e d  a t  t h r e e  leve ls  of s o p h i s t i c a t i o n .  The f i r s t ,  which 
may be termed s t a t i c  or p o i n t  performance, i s  concerned w i t h  t h e  maximum 
values f o r  c e r t a i n  parameters such as speed, r a t e  o f  cl imb, etc.  assuming 
t h a t  no th ing  changes w i t h  t ime. The equations 
for leve l  f l i g h t  as a f u n c t i o n  of speed and a l  
t h e r e f o r e  f a i r l y  easy t o  evaluate. The v a r i a t  
as a f u n c t i o n  of f l i g h t  speed and a l t i t u d e  can 
i f  n o t  a n a l y t i c a l l y .  The reg ion between these 
power p lane i s  t h a t  f o r  which steady f l i g h t  i s  
i n t e r s e c t i o n s  o f  t h e  two func t ions  one has max 
expressing t h e  power requ i red  ' 
i t u d e  a r e  a l g e b r a i c  and 
on i n  maximum power a v a i l a b l e  I 
be evaluated p o i n t  by po in t ,  
two data se ts  on t h e  speed- 
possible.  Thus, by f i n d i n g  
mum and minimum speed w h i l e  
t h e  maximum d i f f e r e n c e  between t h e  two curves i s  a measure o f  t h e  maximum 
r a t e  of c l i m b .  
d i rectness.  
a n a l y t i c a l  s o l u t i o n  requ i res  t h e  e x t r a c t i o n  o f  t h e  r o o t s  o f  a f o u r t h  o r  
h igher  o rder  polynominal, a labor ious procedure i f  done by hand. I t  w i l l  be 
recognized a l s o  t h a t  determining t h e  e f f e c t  o f  a change i n  c o n f i g u r a t i o n  o r  
power p l a n t  invo lves many c a l c u l a t i o n s  i f  one wishes t o  see t h e  e f f e c t  a t  a l l  
weights and opera t ing  a l t i t u d e s .  
Other preformance parameters a re  c a l c u l a t e d  w i t h  s i m i l a r  
The c a l c u l a t i o n s  are  usua l ly  performed g r a p h i c a l l y  because an 
U n t i l  about 20 years ago a l l  a i r c r a f t  manufacturers used these perform- 
ance e s t i m a t i o n  techniques which were f i r s t  developed i n  t h e  e a r l y  1930's. 
The methods a r e  genera l l y  as r e l i a b l e  as t h e  q u a l i t y  o f  t h e  input  l i f t ,  drag, 
and t h r u s t  data. The r e s u l t s  a r e  e a s i l y  i n t e r p r e t e d  and can be checked i n  
f l i g h t  through appropr ia te t e s t s .  
computer, the major a i r f rame manufacturers began t o  g i v e  cons idera t ion  t o  
more soph is t i ca ted  means o f  descr ib ing  t h e  manner i n  which an a i r p l a n e  
performs. They recognized f o r  example t h a t  t h e  t ime requi red t o  reach a 
g iven a l t i t u d e  could be minimized by vary ing  t h e  speed as t h e  a l t i t u d e  
increases and t h a t  t h e  range could be increased on some a i r c r a f t  by a l low ing  
t h e  a l t i t u d e  t o  increase as t h e  f u e l  i s  burned. I n  o t h e r  words, t h e  p a t h  
over which the a i r c r a f t  f l i e s  determines t h e  performance o f  t h e  vehic le .  
Hence they began t o  i n t e g r a t e  t h e  d i f f e r e n t i a l  equations which descr ibe 
a i r c r a f t  motion w i t h  var ious types o f  c o n t r o l  inputs  t o  see what paths are  
produced. The d i g i t a l  computer permi ts  one t o  i n v e s t i g a t e  a large number o f  
cases q u i c k l y  and r e l a t i v e l y  inexpensively.  Through a t r i a l  and e r r o r  
process one can ge t  a good i n d i c a t i o n  o f  how t o  f l y  a p a r t i c u l a r  mission t o  
obta i'n optimum resu I t s .  
With t h e  advent o f  t h e  modern d i g i t a l  
Th is  level  of s o p h i s t i c a t i o n  i s  i n  common use among t h e  large a i r f rame 
cons t ruc tors  today. I t  has long been recognized, however, t h a t  an optimum 
path obtained i n  t h i s  fashion cannot be shown t o  be an optimum i n  t h e  mathe- 
mat ica l  sense. The development o f  mathematical ly optimum f l i g h t  paths has 
been a sub jec t  o f  t h e o r e t i c a l  research f o r  a t  l e a s t  a hundred years. So lu t ions  
o f  several  simple problems have been obta ined b u t  a general procedure t h a t  i s  
successful i n  a large number o f  cases has thus f a r  eluded formulat ion.  
The purpose o f  t h i s  r e p o r t  i s  t o  c r i t i c a l l y  review methods a v a i l a b l e  f o r  
es t imat ing  most aspects o f  l i g h t  a i r c r a f t  performance a t  a l l  t h r e e  l e v e l s  o f  
s o p h i s t i c a t i o n  and t o  render those methods which are regarded as most accu- 
r a t e  i n t o  fas t ,  easy-to-use forms employing a d i g i t a l  computer. Through t h i s  
device it i s  hoped t h a t  l i g h t  a i r c r a f t  designers can i n v e s t i g a t e  a wider 
range o f  parameters economical ly i n  t h e i r  search f o r  improved performance i n  
t h e i r  vehic les.  
t h a t  they should be r e a d i l y  i n t e l l i g i b l e  t o  recent  B.S. graduates. 
The programs and explanat ions a r e  w r i t t e n  a t  such a leve l  
As w r i t t e n  here, t h e  v e h i c l e  l i f t ,  drag, and t h r u s t  terms i n  t h e  per- 
formance equations are  represented by i m p l i c i t  func t ions .  To o b t a i n  numer- 
i c a l  so lu t ions ,  e x p l i c i t  func t ions  are  requi red.  These t h e  program obta ins  
by making ra ther  general f i t s  o f  user-suppl ied data. Unfor tunate ly ,  it was 
n c t  poss ib le  w i t h i n  t h e  scope o f  t h e  present  work t o  e l i m i n a t e  t h e  requ i re -  
ment f o r  t h e  user t o  supply these da ta .  
the  user t o  speci fy  o n l y  t h e  a i r c r a f t  geometry and t h e  power p l a n t  and pro- 
p e l l e r  c h a r a c t e r i s t i c s  and t o  have t h e  program compute t h e  l i f t ,  drag, and 
t h r u s t  c h a r a c t e r i s t i c s  needed f o r  t h e  performance computation. 
I t  would have been d e s i r a b l e  t o  ask 
The work begins w i t h  a review o f  t h e  p e r t i n e n t  l i t e r a t u r e  o f  t h e  pas t  40 
years. Est imat ion techniques based on t h e  p o i n t  performance concept a re  then 
developed. These techniques have been programmed f o r  computer s o l u t i o n .  The 
use o f  t h i s  program i s  then explained and some sample r e s u l t s  f o r  a t y p i c a l  
l i g h t  a i r c r a f t  are given. 
The next  sect ion t r e a t s  t h e  path performance concept. Again, an easl  l y -  
used computer program has been developed t o  perform t h e  computations. 
and bas is  a re  explained and t y p i c a l  r e s u l t s  a r e  provided. 





l e  l i s  
des a d e t a i l e d  d e r i v a t i o n  of t h e  equat ions f o r  path 
ings o f  t h e  For t ran I V  programs used t o  compute p o i n t  
and path performance are  g iven i n  two a d d i t i o n a l  appendices. 
Other appendices present programs for f i t t i n g  power curves, l i f t - d r a g  
curves, t h e  bas is  f o r  t h e  i n t e g r a t i o n  technique used on t h e  path performance 
equations, and a more d e t a i l e d  discussion of t h e  nature of t h e  fue l - f low-  
power r e l a t i o n s h i p  i n  p i s t o n  engines. 
T L  111s r e ~ d e r  w i ! !  perhaps note t h e  absence o f  a re ference t o  t h e  standard 
t e x t  by Perk ins and Hage (John Wiley 1949) and t h e  f a i i u i - e  to f ~ !  Isw t he  
nomenclature o f  t h i s  t e x t  which i s  by now f a i r l y  standard. However, it , 
seemed t h a t  because t h e  equations selected f o r  computer s o l u t i o n  are  r e a l l y  
s i m p l i f i c a t i o n s  o f  those used i n  s t a b i l i t y  analys is ,  t h e  n o t a t i o n  should 
f o l l o w  t h a t  common i n  s t a b i l i t y  analysis.  Some m o d i f i c a t i o n s  i n  t h i s  ' 
view were found t o  be necessary i n  order t o  accomodate t h e  more general 
drag p o l a r  used i n  t h e  present  work. I t  i s  hoped t h a t  these departures 
from common usage w i l l  no t  prove too d isconcer t ing.  
3 
LITERATURE REVIEW 
P o i n t  Performance 
"General Formulas and Charts for t h e  C a l c u l a t i o n  of A i rp lane Performance", 
TR-408, by Oswald (Ref. 3)  and "General A i rp lane Performance", TR-654, by 
Rockefe l le r  (Ref. 41, publ ished i n  1932 and 1939 respec t ive ly ,  represent  t h e  
s t a t e  of t h e  a r t  i n  t h e  p r e d i c t i o n  of p o i n t  performance. 
presents a s e r i e s  of performance char ts  for  a i rp lanes  equipped w i t h  modern 
unsupercharged engines ana f i xed-p i tch  metal przpe! !SSJ these c h a r t s  y i e l d  
t h e  performance c h a r a c t e r i s t i c s  (maximum level  f l i g h t  speed, maximum r a t e  
of cl imb, s e r v i c e  c e i l i n g ,  absolute c e i l i n g ,  e tc . )  as a f u n c t i o n  o f  t h e  
p a r a s i t e  drag loading, e f f e c t i v e  span loading, and t h r u s t  horsepower loading. 
Oswald l a t e r  extended h i s  ana lys is  t o  inc lude t h e  case o f  supercharged 
engines (Ref. 5 )  w h i l e  White and Mar t in  (Ref. 6 )  made a s i m i l a r  a n a l y s i s  f o r  
t h e  case of constant-speed p r o p e l l e r s  w i t h  no supercharging. I n  each of 
t h e  analyses mentioned above spec ia l  assumptions were made regard ing t h e  
v a r i a t i o r !  o f  engine power w i t h  a l t i t u d e  and engine speed and t h e  v a r i a t i o n  
o f  p r o p u l s i v e  e f f i c i e n c y  w i t h  a l t i t u d e  and a i r  speed. These assumptions 
along w i t h  t h e  assumption o f  a parabo l ic  drag p o l a r  a r e  necessary t o  o b t a i n  
a problem which i s  t r a c t a b l e  by hand s o l u t i o n  techniques or i n  c losed form. 
Oswald's work 
Rockefe l le r  decided t h a t  w i t h  new engine and p r o p e l l e r  developments it 
would be d e s i r a b l e  t o  a t t a c k  t h e  problem i n  a more general manner i n  o rder  
t o  o b t a i n  a method o f  performance c a l c u l a t i o n  b a s i c a l l y  independent of t h e  
p a r t i c u l a r  engine-propel ler  combination b u t  r e a d i l y  adapt ive t o  any type. 
Thus, he developed t h e  equat ions for  t h e  ana lys is  o f  t h e  performance of  an 
idea l  a i rp lane--an a i r p l a n e  f o r  which t h e  t h r u s t  power i s  independent o f  
speed t h e  p a r a s i t e  drag i s  constant, and t h e  l i f t  c o e f f i c i e n t  has an 
i n f i n  t e  maximum value-- in o rder  t h a t  t h e  c h a r t s  developed for  use i n  prac- 
t i c a l  c a l c u l a t i o n s  would for t h e  most p a r t  apply t o  any type o f  engine- 
prope ler combination and system of contro l ,  t h e  o n l y  a d d i t i o n a l  mater ia l  
requ i red  c o n s i s t i n g  of t h e  actual  engine and p r o p e l l e r  curves for  t h e  
propu ls ion  u n i t .  Rockefe l le r  a l s o  presented h i s  r e s u l t s  g r a p h i c a l l y  as 
performance charts.  
Accurate p r e d i c t i o n  o f  p o i n t  performance c h a r a c t e r i s t i c s  requ i res  
r e l i a b l e  in format ion on t h e  power the a i r c r a f t  can p u t  i n t o  t h e  a i rs t ream. 
For p rope l le r -d r iven  a i r c r a f t  NACA TR-640 (Ref. 7 )  and WR L-286 (Ref. 8) 
present  p r o p e l l e r  data obta ined from aerodynamic wind tunnel  t e s t s .  The 
data i s  presented as a s e r i e s  o f  four design char ts  f o r  each p r o p e l l e r  
tested; these char ts  have been t h e  standard NASA format s ince  1929 (see 
Appendix F, F igure (F-1) for an example). Although i t s  bas ic  i n t e n t  was 
t o  reveal  t h e  e f f e c t s  of chan es i n  s o l i d i t y  r e s u l t i n g  e i t h e r  from increas ing 
t h e  number of blades o r  from ncreasing t h e  blade width, TR-640 i s  probably 
more widely  known for i t s  o u t  ine  of t h e  procedures requ i red  t o  compute 
t h e  p r o p e l l e r  t h r u s t  from t h e  p r o p e l l e r  design char ts .  A step-by-step 
procedure for  c a l c u l a t i n g  t h e  power a v a i l a b l e  i s  given i n  Appendix F o f  
t h e  present work a long w i t h  a s e t  of p r o p e l l e r  design c h a r t s  for t h e  
R.A.F. 6 two blade p r o p e l l e r .  
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The value of knowing the  s t a t i c  performance c h a r a c t e r i s t i c s  i s  voiced 
by Thompson in  Reference 9. 
guessing games i n  cross country  f l y i n g  i s  choosing the  most favorab le  
a l t i t u d e  and t r u e  airspeed f o r  c r u i s i n g  f l i g h t .  
c r u i s i n g  dilemma f o r  leve l  f l i g h t  w i t h  a l i g h t  a i rp lane,  normal ly  opera t ing  
engine, and constant speed p r o p e l l e r  he suggested t h a t :  
He mentioned t h a t  one o f  t h e  most perp lex ing  
As a means o f  s o l v i n g  t h e  
The h igh  speed dash should be made a t  near sea leve l  a t  maximum 
power. 
Normal c r u i s i n g  a t  65-75% power should be made a t  t h e  h ighes t  
a l t i t u d e  a t  which these powers a re  a v a i l a b l e  us ing  full t h r o t t l e  
and normal c r u i s i n g  RPM. 
Maximum range airspeed should be 1.4 t o  2.0 t imes the  f l a p s  up 
s t a l l  speed depending on aerodynamic cleanness. 
Range i s  independent o f  a l t i t u d e  i f  airspeed i s  maintained a t  
c o r r e c t  bes t  range speed f o r  each a l t i t u d e .  
For best  range a t  h igher  airspeeds, t h e  optimum a l t i t u d e  i s  
progress ive I y h igher .  
I n  moderate headwinds, t h e  speed f o r  maximum range should be 
i ncreased about 10%. 
For maximum endurance, t h e  a i r p l a n e  should be f lown between 20 
and 30 percent  above f l a p s  up s t a l l  speed, depending upon where 
minimum power i s  requ i red  t o  susta in ’  leve l  f l i g h t .  
suggestions given by Thompson are  genera l l y  i n  good agreement w i t h  
the  r e s u l t s  obtained from a p o i n t  performance ana lys i s  o f  t h e  Cessna 182 
(see t h e  sec t ion  on Examples of P o i n t  Performance Ca lcu la t i on ) .  S i m i l a r  
agreement was a lso  found us ing a path performance ana lys i s  when f l y i n g  
near t h e  angle o f  a t t a c k  f o r  best  l i f t  t o  drag r a t i o .  These analyses were 
made us ing t h e  p o i n t  and path performance programs presented i n  Appendices 
C and D respec t ive ly .  
I n  recent  years new i n t e r e s t  has a r i s e n  i n  improving the  performance 
o f  l i g h t  a i r c r a f t .  As noted i n  Reference 10 t h e  bas ic  technology and 
con f igu ra t i ons  of  most o f  t h e  present  l i g h t  a i r p l a n e  f l e e t  were developed 
before the  advent of t he  h igh  speed computer, j e t  t ranspor t ,  h igh  l i f t  
technology, advanced s t a b i l i t y  and c o n t r o l  ana lys i s  methods, a n a l y t i c a l  
desc r ip t i ons  o f  handl ing q u a l i t i e s ,  and g r e a t l y  improved wind tunnel  t e s t i n g  
techniques. 
l i g h t  a i r c r a f t ,  they have n o t  kept  pace w i t h  t h e  improvements achieved by 
commercial a i r l i n e r s .  Roskam and Kohlman found by parametr ic  v a r i a t i o n  t h a t  
aerodynamic design mod i f i ca t i ons  can be made t o  improve s i g n i f i c a n t l y  t h e  
performance o f  l i g h t  a i r c r a f t .  They used a r e l a t i v e l y  s imple computer 
program t o  evaluate the  speed f o r  best range, maximum leve l  f l i g h t  speed, 
s p e c i f i c  range, maximum r a t e  o f  climb, and speed f o r  maximum r a t e  o f  c l imb  
Since t h i s  advanced technology has n o t  been widely  app l i ed  t o  
6 
i n  terms o f  t h e  pred ic ted  l i f t  and drag c o e f f i c i e n t s  r e s u l t i n g  from s p e c i f i c  
geometric mod i f i ca t ions .  
Accurate p r e d i c t i o n  o f  s t a t i c  performance requ i res  good est imates o f  
t h e  l i f t  and drag c o e f f i c i e n t s  as a s t a r t i n g  p o i n t .  An ideal  procedure 
f o r  o b t a i n i n g  s u i t a b l e  values o f  these c o e f f i c i e n t s  would r e q u i r e  t h a t  
one spec i fy  o n l y  t h e  body coordinates, speed, and a l t i t u d e  o f  t h e  a i r p l a n e  
t o  o b t a i n  i n  a p rec ise  fashion both the l i f t  and drag c o e f f i c i e n t s  as 
funct ions o f  angle o f  at tack;  unfor tunate ly ,  such a procedure i s  no t  as 
y e t  ava i  !able .  H i s t o r i c a l l y ,  t h e  drag c o e f f i c i e n t  has been much more 
d i f f i c u l t  t o  est imate accurate ly  than the Iiii c o e f f i c i e n t .  Reference 1 1  
i s  an example o f  a soph is t i ca ted  method f o r  o b t a i n i n g  aerodynamic charac- 
t e r i s t i c s  of multi-component a i r f o i l s - - a i r f o i l s  w i t h  leading o r  t r a i l i n g  
edge h igh l i f t  devices-- in subsonic viscous f lows. The ca lcu la ted  aerody- 
namic c h a r a c t e r i s t i c s  inc lude pressure d i s t r i b u t i o n ,  l i f t ,  pitching-moment, 
and s k i n  f r i c t i o n  drag up t o  i n c i p e n t  separat ion on any component. 
c h a r a c t e r i s t i c s  a r e  obtained from a computer program w r i t t e n  f o r  e i t h e r  t h e  
UNIVAC 1108 o r  t h e  CDC 6600 computer which requ i res  t h e  inputs  o f  f reestream 
cond i t ions  and t h e  a i r f o i l  geometry. S i m i l a r  techniques are  needed t o  
handle t h e  complete wing-body-tai I combination. 
The 
Two recent  works should be he lp fu l  i n  p r e d i c t i n g  t h e  drag c o e f f i c i e n t s  
The f i r s t  method models 
of l i g h t  a i r c r a f t .  Roskam i n  Reference 12 presents two methods fo r  computing 
drag p o l a r s  o f  a i r p l a n e s  a t  subsonic Mach numbers. 
t h e  drag p o l a r  by CD = CDo + CL2/.rreAR and then sums t h e  zero-l  i f t  drag 
c o e f f i c i e n t s  ( u s u a l l y  from wind tunnel data) o f  each i n d i v i d u a l  component 
o f  t h e  a i r c r a f t .  For a more d e t a i l e d  and accurate drag p r e d i c t i o n  Roskam 
suggests a second method. 
t h e  z e r o - l i f t  drag c o e f f i c i e n t  of the wing-body combination, t h e  h o r i z o n t a l  
t a i l ,  and t h e  v e r t i c a l  t a i l  as funct ions of th ickness t o  chord r a t i o .  The 
drag o f  t h e  wing-body due t o  l i f t  i s  considered t o  be a f u n c t i o n  o f  wing 
drag due t o  l i f t  and body drag due t o  angle o f  a t tack;  a procedure i s  a l s o  
given f o r  es t imat ing  incremental drag c o e f f i c i e n t  due t o  miscel laneous 
components such as windshields, nacel les, f laps,  e t c .  
Th is  method employs formulae and c h a r t s  t o  est imate 
Reference 13 by Wolowicz and Yancey which descr ibes methods for  e s t i m a t i n g  
t h e  l o n g i t u d i n a l  aerodynamic c h a r a c t e r i s t i c s  o f  l i g h t ,  twin-engine, p r o p e l l e r -  
d r i v e n  airplanes, presents a method f o r  es t imat ing  t h e  drag c o e f f i c i e n t  
very s i m i l a r  t o  t h e  second method given by Roskam and discussed above. A lso 
presented are methods f o r  o b t a i n i n g  l i f t  c o e f f i c i e n t s  o f  t h e  wing, fuselage, 
h o r i z o n t a l  and v e r t i c a l  t a i l s ,  and in te r fe rence e f f e c t s .  Most o f  t h e  
methods mentioned above r e q u i r e  t h e  use o f  char ts  or t h e  manual eva lua t ion  
o f  formulas t o  o b t a i n  t h e  l i f t  and drag. A computer program t o  speed up 
and mechanize t h i s  process would m a t e r i a l l y  s i m p l i f y  p o i n t  and path per-  
formance est imat ion.  
Discussions o f  p o i n t  performance are  incomplete w i thout  some considera- 
t i o n  o f  take-of f  and landing. NACA TR-450 by Walter S. D ieh l  (Ref. 14) i s  
concerned w i t h  t h e  development of a method s u i t a b l e  f o r  r o u t i n e  take-o f f  
c a l c u l a t i o n s  which i s  reasonably simple w i thout  neg lec t ing  any important 
v a r i a b l e s  (See t h e  sec t ion  on Take-Off and Landing Performance f o r  t h e  
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general equat ion).  While the  method presented i n  
intended as a p r a c t i c a l  approximat ion t o  a d i f f i c u  
t h a t  a more accurate method probably would have no 
t h e  crude s t a t e  o f  t h e  I i f t ,  drag, and t h r u s t  data 
t h e  ground run formula t o  S = KsVg/(T1/W) where V s  
T1 i s  t h e  i n i t i a l  n e t  acce le ra t i on  force, W i s  t h e  
i s  a c o e f f i c i e n t  depending on ly  on t h e  r a t i o  of i n  
he Technical Report i s  
t problem, D ieh l  be l ieved 
s i g n i f i c a n c e  i n  view of  
D i eh I t h e r e f o r e  reduced 
i s  t h e  take -o f f  speed, 
take-o f f  weight, and K, 
t i a l  t o  f i n a l  n e t  
a c c e l e r a t i o n  force..  A r e j a t i o n  t o  es t imate  the  t ime requ i red  t o  take -o f f  
i s  a l s o  given. 
H more e x a m  approach t o  take-o t t  and landing pertormance i s  g iven  i n  
The Boeing r e p o r t  g ives  Reference 15 prepared by Boeing A i r c r a f t  Company. 
a d e r i v a t i o n  o f  t h e  bas i c  take-o f f  and landing equat ion leav ing  it i n  
i n t e g r a l  form. Provided t h e  th rus t ,  l i f t ,  drag, and load f a c t o r  due t o  
r o t a t i o n  dur ing  t h e  approach a r e  known, a numerical i n t e g r a t i o n  technique 
can thus  be used t o  eva lua te  t h e  take-o f f  ground run, t ime t o  l i f t - o f f ,  
ground d is tance w h i l e  c l imb ing  t o  50 fee t ,  t ime t o  c l imb t o  50 fee t ,  
ground d is tance from 50 f e e t  t o  touchdown, and ground run a f t e r  touchdown. 
A d e t a i l e d  discussion of  both Reference 14 and Reference 15 i s  included i n  
t h e  Take-Off and Landing Performance sec t ion .  
Path Performance 
A i r c r a f t  can o f t e n  exceed t h e  e q u i l i b r i u m  value of  maximum speed, 
a l t i t u d e ,  r a t e  of climb, e tc .  dur ing  per iods  o f  accelerated f l i g h t .  The 
designer seeking t h e  u l t i m a t e  i n  v e h i c l e  performance w i l l  wish t o  devise 
t r a j e c t o r i e s  which maximize p a r t i c u l a r  parameters of i n t e r e s t .  One method 
fo r  doing t h i s ,  which i s  growing i n  p o p u l a r i t y  w i t h  t h e  c a p a b i l i t y  t o  
manipulate and apply it, i s  t h e  technique o f  s p e c i f y i n g  schedules of two 
c o n t r o l  parameters and determining t h e  motion r e s u l t i n g  therefrom. The 
expression "growing i n  popu lar i t y " ,  however, should be used somewhat 
adv ised ly .  One sees i n d i c a t i o n s  o f  t h e  use of such techniques i n  t h e  
l i t e r a t u r e  and p r i v a t e  conversat ions w i t h  i ndus t r y  people a l s o  p o i n t  i n  
t h e  same d i rec t i on ,  b u t  s p e c i f i c  s o l u t i o n s  or c a l c u l a t i o n  procedures a re  
no t i ceab ly  absent. The r e s u l t s  g iven  i n  Reference 16 represent  elementary 
forms of  such procedures. 
I t  i s  q u i t e  probably t h a t  several  computer programs a re  c u r r e n t l y  i n  
use which w i l l  compute t h e  t r a j e c t o r y  of an a i r c r a f t  by i n t e g r a t i n g  t h e  
f i r s t  o rde r  o rd ina ry  d i f f e r e n t i a l  equat ions of mot ion ( t h e  i n t e g r a t i o n  
becomes poss ib l y  o n l y  when some o f  t h e  unknown parameters such as power, 
l i f t  and drag, ve loc i t y ,  etc.  a re  s p e c i f i e d  as func t i ons  of t ime  so as t o  
y i e l d  t h e  same number o f  unknowns as equat ions).  
a r e  e i t h e r  c l a s s i f i e d  o r  used on ly  f o r  in-house work by t h e  companies who 
developed them because none have been descr ibed i n  t h e  open l i t e r a t u r e .  
They a r e  thus  unavai lable t o  t h e  academic community o r  t h e  l i g h t  a i r c r a f t  
indus t ry .  For example Reference 17 i nd i ca tes  t h e  ex is tence of a land ing  
a n a l y s i s  d i g i t a l  computer program developed by t h e  A i r  Force F l i g h t  Dynamics 
Laboratory. 
ana lys i s  of a i r c r a f t  take-o f f  and landing c h a r a c t e r i s t i c s .  S i m i l a r  programs 
Apparently, t h e  programs 
Th is  program evolved f r o m  a need f o r  comprehensive, q u a n t i t a t i v e  
a 
no doubt e x i s t  a t  most o f  t h e  major a i r c r a f t  manufactur ing companies. 
t h e  l i g h t  a i r c r a f t  designer may no t  need an extremely s o p h i s t i c a t e d  procedure 
f o r  performance pred ic t ion ,  he should be provided w i t h  a procedure which 
permi ts  him t o  r e a l i z e  some of t h e  performance improvements r e s u l t i n g  from 
modern technology and which f rees  him from complete r e l i a n c e  on t h e  bas ic  
design c h a r t s  o f  t h e  1930's. 
Although 
Optimum Performance Paths 
Mathematicians have long been concerned w i t h  f i n d i n g  t h e  T r a j e c t o r y  Which 
opt imizes a p a r t i c u l a r  performance c r i t e r i o n .  
brachistochrone problem--f ind t h e  shape of a w i r e  along which a f r i c t i o n l e s s  
bead w i l l  move under t h e  in f luence o f  i t s  own weight from t h e  o r i g i n  t o  some 
o t h e r  p o i n t  i n  minimum time--as a simple example. 
v a r i a t i o n a l  techniques t o  t h e  f l i g h t  o f  powered a i r c r a f t ,  however, one f i n d s  
t h a t  t h e  a d d i t i o n a l  degrees of  freedom present  i n  a r e a l i s t i c  mathematical 
model lead t o  an almost i n t r a c t a b l e  problem. A t  f i r s t  s igh t ,  t h e  determina- 
t i o n  o f  an opt imal range t r a j e c t o r y  could appear t o  be capable o f  t reatment  
as a c l a s s i c a l  Mayer problem (see Reference 18 f o r  statement) b u t  mathemati- 
c a l  d i f f i c u l t i e s ,  apparent ly encountered by a l l  who have attempted t h i s  
approach, have proven insurmountable. Those who have employed b a s i c a l l y  
t h i s  approach w i t h  success have considered more r e s t r i c t e d  problems such as 
unpowered f l i g h t  (Ref. 19). 
One may c i t e  t h e  c l a s s i c a l  
I n  a t tempt ing t o  apply 
W i t h i n  t h e  a s t  10 years t h e  subject  has received in tense study because 
o f  i t s  app l i cab i  i t y  t o  t h e  t r a j e c t o r i e s  o f  spacecraf t .  However, one p r i n -  
c i p a l  f e a t u r e  o f  many o f  these analyses--the absence o f  aerodynamic drag-- 
makes them inapp i c a b l e  t o  a i r c r a f t  use. I n  general, w h i l e  t h e  a i r c r a f t  
problems t r e a t e d  by t h e  newer methods o f  dynamic programming and t h e  
Pontryagin Maximum P r i n c i p l e  have improved i n  real ism, t h e  techniques are  
s t i l l  too complex and too r e s t r i c t e d  for general computational use. The 
reader i n t e r e s t e d  i n  t h e  d e t a i l s  of t h e  newer, more successful mathematical 
methods i s  d i r e c t e d  t o  References 20, 21, 22, 23, and 24. The l a s t  i s  a 
p a r t i c u l a r l y  good t reatment  o f  t h e  subject .  
I t  may be po in ted  o u t  t h a t  whi le  t r u e  optimum t r a j e c t o r i e s  can be 
obta ined on ly  w i t h  t h e  methods ci ted,  p r a c t i c a l l y  speaking t h e r e  are  many 
near-optimum t r a j e c t o r i e s  which d i f f e r  l i t t l e  from t h e  optimum i n  terms of  
t h e  va lue o f  t h e  performance c r i t e r i o n .  
t r a j e c t o r i e s  can usua l ly  be found wi thout  excessive d i f f i c u l t y  by i n t e r a t i v e  
use o f  t h e  path performance techniques discussed prev ious ly .  
Some of  these near-optimum 
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POINT PERFORMANCE 
I NTRODUCT I ON 
The process o f  p r e d i c t i n g  an a i r c r a f t ' s  s t a t i c  o r  p o i n t  performance 
reduces t o  an i n v e s t i g a t i o n  of  t h e  cond i t ion  o f  t h e  f l i g h t  path assuming t h a t  
t h e  dependent v a r i a b l e s  (except f o r  h) o f  t h e  performance equat ions do n o t  
change w i t h  T i m .  I f  for  t h e  general performance equations (Appendix 8) t h e  
d e r i v a t i v e s  o f  t h e  dependent var iab les a r e  neglected whi l e  assuming 6 t o  be 
a new dependent var iab le,  a s e t  o f  non- l inear a lgebra ic  equations are  obtained. 
The values o f  t h e  dependent var iab les  requ i red  t o  o b t a i n  an optimum f l i g h t  
c o n d i t i o n  (i.e. maximum r a t e  o f  climb, maximum leve l  f l i g h t  speed, e tc . )  can 
be found by apply ing t h e  Ordinary Theory o f  Maxima and Minima. 
The work of  Oswald (Ref. 31, Rockefe l le r  (Ref. 41, and White and 
M a r t i n  (Ref. 6 )  as noted e a r l i e r  represents t h e  s t a t e  o f  the  a r t  i n  s t a t i c  
performance p r e d i c t i o n .  Each o f  these works choose a parabo l ic  r e l a t i o n s h i p  
between l i f t  and drag i n  o rder  t o  ob ta in  a t r a c t a b l e  problem wh i le  Reference 3 
employs i n  a d d i t i o n  some spec ia l  assumptions regard ing t h e  v a r i a t i o n  o f  power 
w i t h  v e l o c i t y  f o r  d i f f e r e n t  types o f  p r o p e l l e r s .  I t  i s  f e l t ,  however, t h a t  
a s i g n i f i c a n t  improvement can be made i n  s t a t i c  performance p r e d i c t i o n  ( 1 )  by 
using a drag p o l a r  which i s  more general than t h e  convent ional  p a r a b o l i c  
p o l a r  and (2) by p e r m i t t i n g  t h e  user t o  s p e c i f y  o n l y  several p o i n t s  on a 
curve of maximum power a v a i l a b l e  versus v e l o c i t y  r a t h e r  than t h e  f u n c t i o n a l  
form of t h e  power-veloci ty re la t ionsh ip .  Th is  course has been fo l lowed i n  
t h e  present  work. 
The s t a t i c  performance equations g iven here in  were developed from those 
i n  Appendix B by apply ing t h e  Theory o f  Maxima and Minima. 
general power versus v e l o c i t y  curve and a drag p o l a r  o f  t h e  form 
I n  add i t ion ,  a 
have been employed. 
above p o l a r  w i t h  k3 and k4 equal t o  zero. 
considers as known are: 
Note t h a t  t h e  parabo l ic  p o l a r  
The quan 
s a spec 
i t i e s  wh 
a l  case o f  t h e  
ch t h e  a n a l y s i s  
CD(CL) = kl + k2Ct + k 3 C p  where t h e  user spec f i e s  t h e  k 's .  A l t e r n a t e l y  
t h e  k 's  may be determined from experimental 
d a t a  us ing t h e  procedure i n  Appendix E. 
S = wing area on which CD and CL a r e  based, 
W = a i r p l a n e  weight, 
h = a l t i t u d e  a t  which the  optimum c h a r a c t e r i s t i c s  a re  desired, 
P ( V )  = p o i n t s  on t h e  maximum power a v a i l a b l e  versus v e l o c i t y  curve 
a t  s p e c i f i e d  r e f e r e n c e ' a l t i t u d e .  
V e l o c i t y  i s  t h e  unknown and one desires t h e  v e l o c i t y  for  which a p a r t i c u l a r  
f l i g h t  c h a r a c t e r i s t i c  i s  optimum. An a d d i t i o n a l  r e s t r i c t i o n  imposed on t h e  
general equat ions o f  motion (Appendix B) f o r  t h e  present a n a l y s i s  i s  t h a t  
cos y y 1.0. Should t h e  reader be i n t e r e s t e d  i n  f l i g h t  cond i t ions  w i t h  y 
1 1  
grea te r  than twelve t o  f i f t e e n  degrees he i s  r e f e r r e d  t o  t h e  program i n  
Appendix D which i n teg ra tes  t h e  general equat ions o f  motion w i thou t  mak ng 
t h e  assumption o f  small values of  f l i g h t  path angle. 
above i s  provided t h e  f o l l o w i n g  q u a n t i t i e s  can be ca l cu la ted  by use of he 
d i g i t a l  computer program l i s t e d  i n  Appendix C: 
Once t h e  data def ned 
( 1 )  maximum and minimum leve l  f l i g h t  speed a t  an a l t i t u d e ,  
(2) speed 
( 3 )  speed 
an a l  
( 4 )  c lass  
f o r  maximum c l imb angle and maximum c 
f o r  minimum power (maximum endurance) 
i tude , 
ca l  speed f o r  max 
( 5 )  serv ice  c e i l i n g  and t h e  
imb angle a t  an a l t i t u d e ,  
and minimum power a t  
mum range, 
v e l o c i t y  a t  se rv i ce  c e i l i n g ,  
(6 )  absolute c e i l i , n g  and t h e  v e l o c i t y  a t  absolute c e i l i n g ,  
( 7 )  
(8 )  
maximum r a t e  o f  c l imb schedule from a l t i t u d e  hl t o  a l t i t u d e  h2, 
most economical r a t e  o f  c l imb schedule from a l t i t u d e  hl t o  
a l t i t u d e  h2, 
maximum r a t e  o f  climb, power a v a i l a b l e  and power requ i red  versus 
v e l o c i t y  a t  an a l t i t u d e .  
(9 )  
Note t h a t  because of t he  genera l ized nature o f  t h e  drag and power r e l a t i o n s  
employed here, ob ta in ing  these opt imal  q u a n t i t i e s  usua l l y  requ i res  e i t h e r  t h e  
s o l u t i o n  o f  a pseudo-polynomial equat ion having non- integer exponents w i t h  
v e l o c i t y  as the  unknown, o r  t h e  s o l u t i o n  o f  a p a i r  o f  t h e  equat ions w i t h  
both v e l o c i t y  and a l t i t u d e  as unknowns. 
Discussed i n  d e t a i l  i n  succeeding sec t ions  are: 
( 1 )  t h e  d e r i v a t i o n  o f  t h e  opt imal  s t a t i c  performance equations, 
(2)  a desc r ip t i on  o f  t h e  computer izat ion procedure requ i red  t o  f i n d  
t h e  s o l u t i o n  o f  these equations, 
( 3 )  examples o f  t h e  s t a t i c  performance c a l c u l a t i o n s  f o r  two l i g h t  
a i r c r a f t ,  
(4) a d iscuss ion o f  techniques used t o  c a l c u l a t e  landing and take -o f f  
performance .* 
* Th is  d iscuss ion i s  based on two methods conta ined i n  t h e  I i t e r a t u r e  and 
may the re fo re  d i f f e r  from o the r  methods c u r r e n t l y  being used. 
computer program to evaluate take-o f f  and landing performance has been 
omi t ted  because of  t h e  d i f f i c u l t y  encountered i n  es t ima t ing  c o r r e c t  values 
of  CL, CD, ve loc i t y ,  and power i n  these two f l i g h t  modes. 
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A general 
DER I VAT ON OF THE POINT PERFORMANCE EQUAT ONS 
The p o i n t  o r  s t a t i c  performance equations are  der ived by r e q u i r i n g  t h a t  
t h e  acce le ra t ion  terms be zero. 
i n  Appendix B become 
With t h i s  r e s t r i c t i o n  t h e  equat ions developed 
x = ( V  cos y)At + xo 
h = V s i n  y 
( 1 )  
( 2 )  
spo CDV% 
g s i n  y = 0 wv 
spo CLV% 
9 - - -  g cos y = 0 
2 w  
where 
0 = f ( h )  = ( 1  - 6.86 X 10-6h)’*26. 
( 3 )  
(4) 
(Note t h a t  t h e  x equat ion i s  g iven i n  i t s  in tegra ted  form.) I n  t h e  above s e t  
o f  equat ions h w i l l  be t r e a t e d  as a v a r i a b l e  separate from h ;  by t h i s  device 
t h e  equat ion becomes a system of four  a l g e b r a i c  equations i n  n ine  unknowns 
(x, V, y, h, h, P, W, CL, CD). 
power as a f u n c t i o n  o f  a l t i t u d e  and ve loc i ty ,  CL and CD as a f u n c t i o n  o f  
angle of at tack,  and one o t h e r  parameter i n  o rder  t o  make t h e  system solvable.  
I t  i s  customary t o  s p e c i f y  a i r c r a f t  weight, 
Now, i f  one were t o  seek in format ion on t h e  f l i g h t  path angle p o s s i b l e  
a t  a g iven  a l t i t u d e  he would f i r s t  express CD as a general f u n c t i o n  of CL, 
‘D - ‘DO + k1CF + k2Cp3, 
and then from equat ion (4) w r i t e  CL as 
2w cos y CL = 
Sp0& , 
and f i n a l l y  s u b s t i t u t e  these expressions i n t o  equat ion ( 3 )  t o  y i e l d :  
( 5 )  
(61 
Note t h a t  i f  k2 = 0 and k l  = l /(reAR) t h e  drag p o l a r  i n  equat ion (5 )  reduces 
t o  t h e  f a m i l i a r  parabo l ic  form. Equation ( 7 )  expresses y i n  terms o f  V when 
P, h, and W a r e  given. To f i n d  t h e  maximum y it i s  necessary t o  f i n d  t h e  
value of v e l o c i t y  f o r  which dy/dV = 0. The reader w i l l  recognize t h a t  t h i s  
i s  n o t  e a s i l y  done i n  c losed form. Because o f  t h i s  d i f f i c u l t y ,  t h e  physics 
t h e  s i t u a t i o n  a r e  invoked t o  reduce t h e  mathematical complexi ty.  Most gene 
a v i a t i o n  a i r c r a f t  do n o t  have s u f f i c i e n t  power t o  c l imb a t  angles i n  excess 
o f  12O or 13’; thus, t h e  assumption t h a t  cos y = 1.0 i s  never i n  e r r o r  by 
o f  
.a I 
3 
more than two o r  t h ree  percent.  Fur ther ,  it i s  d i f f i c u l t  t o  determine C D ~  
and e w i t h  e r ro rs  o f  less than four  o r  f i v e  percent.  
be argued t h a t  no add i t i ona l  e r r o r  o f  s i g n i f i c a n c e  i s  in t roduced by t a k i n g  
cos y = 1.0. With t h i s  assumption equat ion ( 7 )  becomes 
I t  may t h e r e f o r e  
- -  P sp00v3 [CU. + kl 
W 2w 
F i n a l l y ,  through t h e  use o f  
. P  SpoaV 3 
h = - -  
W 2w 
1 
equat ion ( 2 )  6 can be w r i t t e n  as 
Th is  i s  t h e  fundamental p o i n t  performance equat ion which expresses t h e  r a t e  
o f  c l imb  as a func t i on  o f  speed when P(V,h), W, and h a re  given. 
The maximum and minimum leve l  
i n  t h e  fundamental equat ion and so 
Maximum and Minimum Level F l i g h t  Speed 
f l i g h t  speeds are found by s e t t i n g  6 = 0 
v i n g  f o r  V i n  
( 2w )' + k2 ( 2w 1'31 . 
SPoUV2 SpouV ' ( I O )  
Maximum Rate o f  Climb 
The maximum r a t e  o f  c l imb occurs a t  t h a t  speed f o r  which 
i s  zero. Th is  speed, s u b s t i t u t e d  i n t o  equat ion ( 9 )  g ives  t h e  maximum r a t e  
o f  c l imb.  
Maximum Climb Angle 
An equat ion for the  c l imb angle can be obta ined by n o t i c i n g  t h a t  t h e  
f I i g h t  path 9ngle has a l ready been assumed t o  be smal I .  
V y, o r  y = h/V. 
r e l a t i o n .  
Hence, h = V s i n  y N 
D i v i s i o n  o f  equat ion ( 9 )  by V t he re fo re  y i e l d s  t h e  des i red  
The speed f o r  t he  maximum value of y i s  then found by s e t t i n g  
14 
and s o l v i n g  f o r  V. T h i s  speed i s  then s u b s t i t u t e d  i n t o  t h e  equat ion f o r  y 
t o  o b t a i n  t h e  maximum c l imb angle. 
Serv ice C e i l i n g  and Absolute C e i l i n g  
The serv ice  c e i l i n g  i s  t h a t  value o f  h for  which t h e  maximum value o f  
h has decreased-to 100 f e e t  p e r  minute. The absolute c e i  I ing i s  t h a t  va lue 
of h f o r  which h = 0 a t  t h e  speed f o r  maximum r a t e  o f  c l imb. One must so lve  
two equat ions s imultaneously i n  order  t o  f i n d  t h e  va lue of V f o r  which a i s  
a minimum when h = 100 f t / m i n  o r  6 = 0. 
as equat ions (13) and ( 1 4 ) .  
The two equat ions a r e  repeated below 
h i s  t h e n  found from t h e  expression 
( 1  - p F  > l o 6  
h =  ( f e e t )  . 
6.86 
Maximum Range Speed 
Fuel consumption i n  p r o p e l l e r  dr iven a i r c r a f t  is genera l l y  d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  power required. Thus f o r  maximum range a t  y = 0, one 
should f l y  a t  t h e  speed fo r  which the r a t i o  o f  power requ i red  per  u n i t  speed 
i s  a minimum 
d(P’V) = 0 = Sp0aV 2w 1’ + k2 ( 2w )k;l 
dV spoav2 spoav2 
(15) 
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and s o l v i n g  f o r  V g ives  t h e  v e l o c i t y  f o r  
t h e  f u e l  consumption i s  more appropr ia te 
t h e  t h r u s t  requi red. 
maximum range. For 
y taken t o  be d i r e c  
j e t  a i r c r a f  t , 
l y  r e l a t e d  t o  
Maximum Endurance 
For maximum endurance i n  p r o p e l l e r - d r i v e n  a i r c r a f t  one i s  in te res ted  i n  
f l y i n g  a t  t h e  speed f o r  which t h e  power requ i red  i s  a minimum or, t h e  speed 
which s a t i s f i e s  t h e  equation: 
The minimum power can tben be found by s u b s t i t u t i n g  t h i s  va lue o f  v e l o c i t y  
i n t o  equat ion ( 9 )  w i t h  h = 0. 
Minimum Time t o  Climb 
The minimum t i m e  t o  c l imb i s  t h e  s h o r t e s t  t ime requ i red  t o  c l imb from 
one a l t i t u d e  t o  another a l t i t u d e .  I t  can be expressed i n  i n t e r g r a l  form by 
(17) 
where t h e  v e l o c i t y  f o r  maximum r a t e  of c l imb i s  found from equat ion ( 1 1 )  and 
t h e  maximum r a t e  o f  c l imb i s  then evaluated us ing t h i s  v e l o c i t y  i n  equat ion 
( 9 ) .  
Most Economical Climb 
The most economical c l imb i s  t h a t  c l imb technique which w i l l  move an 
a i r c r a f t  from h l  t o  h2 w h i l e  us ing t h e  l e a s t  fue l ,  d f .  
\;ir = - CP f o r  p r o p e l l e r  a i r c r a f t ,  t h e  f o l l o w i n g  procedure may be used t o  
minimize df/dh. 
Since d f  = - dW and 
The above expression w i l l  have i t s  minimum value when V i s  a s o l u t i o n  t o  
d f  
dV 
d - = 0. 
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Thus, 
or, 




(P - DV12 
wcp 1 wc - d f  
- -- - 
P - DV d(P - DV dV 
d 
dv - o =  
dD PD = 0 . dP 
dV dV 
- D V  - PV - -  (18) 
(19) 
S u b s t i t u t i n g  (19) and (20) i n t o  (18) y i e l d s  an equat ion which can be so lved 
for t h e  v e l o c i t y  for most economical cl imb. 
(18) i s  t h e  maximum power a v a i l a b l e  t o  t h e  a i r c r a f t ;  t h i s  i s  ev ident  from 
t h e  f o l l o w i n g  sketch of df/dh versus P (here o n l y  power g r e a t e r  than DV i s  
considered s i n c e  t h i s  i s  t h e  minimum power requ i red  for  c l imb ing  f l i g h t ) .  
The power used t o  so lve equat ion 
DV 
Power 
Figure  1 .  Minimum value o f  df /dh as a f u n c t i o n  o f  
df /dh has i t s  I 
a t  t h e  maximum 
most economica 
inimum value when the power i s  maximum. Thus 
p o s s i b l e  power and the v e l o c i t y  g iven by equa 
c l  imb. 
power. 
one should f l y  
ion (18) f o r  
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COMPUTERIZATION PROCEDURE FOR POINT PERFORMANCE EQUATIONS 
The variation of the density ratio may be approximated by u(h) = (1.0 - 
~ 6.86 X h)4*26 where h is in feet. 
A computer program* to evaluate the static performance of an aircraft 
was written in Fortran I V  for use on the IBM 370-165 computer. The procedure 
employed can best be described by considering the three major portions into 
which the programming task was divided: 
I 
I * This program i s  found in Appendix C along with instruction for its use. 
( 1 )  the expression of the maximum power available in a general func- 
tional form having a smooth, continuous first derivative given a 
set of experimental or calculated maximum power-velocity values, 
I 18 
(2 )  the application of a least-squares-distance curve-fitting technique 
to fit lift and drag data wifh a general drag polar of the form 
k 
D 1 2 L  3 L  C = k  + k C 2 + k C 4 ,  
( 3 )  the utilization of the method of reguZa faZsi (false position) to 
find the roots of the pseudo-polynomials in velocity derived in 
the previous section. 
These three divisions will now be described in more detail. 
Maximum Power Available 
For propeller driven aircraft the maximum power available is a function 
However, if a maximum power available versus of both velocity and altitude. 
velocity curve is known at some reference altitude the power available at 
some other altitude may be obtained from the reference curve by means of a 
multiplicative correction factor (Ref. 3 )  depending solely on altitude. 
Denote the power available at velocity V and altitude h by Pav(V,h) and the 
power avai lable at velocity V and the reference altitude href by Pref(V). 
Then, for an unsupercharged engine 
Pav(V,h) = Pref(V)( U - 0.165 
‘ref - 0.165 
vhere: 
CY = p/po = ratio of the density of air at altitude h to 
the density at sea level, 
- are+ - p,,f/po = ratio of the density of air at reference 
altitude to the density at sea level. 
For a supercharged engine t h e  v a r i a t i o n  o f  power a v a i l a b l e  w i t h  a l t i t u d e  
i s  small  up t o  some f i x e d  a l t i t u d e  which depends on t h e  p a r t i c u l a r  super- 
charger. 
f o r  a supercharged engine i s  assumed t o  be zero, i.e. Pav(V,h) = Pre f (V) ,  
and t h e  reference a l t i t u d e  i s  taken t o  be sea leve l .  
Therefdre, i n  t h i s  work t h e  a l t i t u d e  v a r i a t i o n  o f  power a v a i l a b l e  
The general nature o f  t h e  power a v a i l a b l e  versus v e l o c i t y  curve a t  t h e  
reference a l t i t u d e  consider ing both f i xed  p i t c h  and constant speed p r o p e l l e r  
a i r c r a f t  makes it very d i f f i c u l t  t o  t i x  t h i s  curve w i t h  s constant  cseffi- 
c i e n t  polynomial having a smooth, well-behaved f i r s t  d e r i v a t i v e  over t h e  
e n t i r e  v e l o c i t y  range. 
i n  t h e  s t a t i c  performan2e equations, a smooth f i r s t  d e r i v a t i v e  i s  a necess i ty  
f o r  o b t a i n i n g  v a l i d  s o l u t i o n s  t o  these equations. 
been shown t o  g i v e  t h e  bes t  mathematical f i t  f o r  a s e t  o f  data po ints ,  and 
t h e  cub ic  s p l i n e  i s  t h e  s imp les t  f i t  which prov ides a well-behaved f i r s t  
d e r i v a t i v e .  For t h i s  reason t h e  maximum power a v a i l a b l e  data p o i n t s  were 
f i t t e d  using t h e  cubic  s p l i n e  g iven i n  Reference 25 w i t h  modi f ied end 
cond i t ions .  
Since t h e  d e r i v a t i v e  o f  t h e  power a v a i l a b l e  appears 
The s p l i n e  technique has 
The power a v a i l a b l e  a t  some v e l o c i t y  V a t  t h e  reference a l t i t u d e  was 
denoted above by Pref(V). 
a v a i l a b l e  versus v e l o c i t y  curve be denoted by ( P r e f I i p  V i ,  i = 1,2, ..., N, 
where N i s  t h e  number o f  data po in ts .  
form 
L e t  t h e  data  p o i n t s  from t h e  reference power 
Then t h e  cub ic  s p l i n e  f i t  i s  of  t h e  
where : 
V j  S V 5 Vj+,, and j = 1,2, ..., N-I  
Note t h a t  f o r  each of t h e  N-1 i n t e r v a l s  t h e  c u b i c ' s  c o e f f i c i e n t s  depend on 
t h e  i n t e r v a l  ( V  , Vj+l )  i n  which t h e  v e l o c i t y  V l i e s ,  bu t  they are  constant  
i n  a g iven in teJva l .  
t h e  s p l i n e  f i t  i t s  remarkable curve f i t t i n g  proper t ies .  
I t  i s  t h i s  v a r i a t i o n  o f  t h e  c o e f f i c i e n t s  t h a t  g ives 
To develop a s u i t a b l e  maximum-power-available-at-any-altitude r e l a t i o n -  
sh ip  f o r  use i n  t h e  s t a t i c  performance c a l c u l a t i o n s ,  t h e  computer program* 
(Appendix C) requ i res  t h a t  t h e  user supply o n l y  a s e t  o f  power a v a i l a b l e  
versus v e l o c i t y  data p o i n t s  a t  a reference a l t i t u d e ,  t h e  reference a l t i t u d e ,  
and a c o n t r o l  parameter denot ing whether o r  n o t  t h e  engine i s  supercharged. 
A technique f o r  es t imat ing  these data p o i n t s  i s  given i n  Appendix F. 
L i f t -Drag Curve F i t t i n g  Technique 
Most previous est imat ion techniques f o r  s t a t i c  performance have r e l i e d  
on a convent ional  parabo l ic  drag polar.  Because some performance parameters 
* The program i n  Appendix D a l s o  used t h i s  procedure t o  o b t a i n  maximum 
power ava i lab le .  
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are  evaluated a t  r e l a t i v e l y  h igh  angles of a t t a c k  where t h e  drag i s  
f r e q u e n t l y  greater than pred ic ted  by a p a r a b o l i c  f i t  t o  h igh  speed data, t h e  
use of t h e  parabo l ic  p o l a r  f o r  such computations leads t o  erroneous r e s u l t s .  
Accordingly, t h e  s t a t i c  performance a n a l y s i s  i n  t h e  preceeding sec t ion  
permi ts  t h e  use of a general drag p o l a r  o f  t h e  form 
k 
CD = kl + k2 Cf + k3 CL4 . 
Note t h a t  t h i s  general drag p o l a r  includes t h e  p a r a b o l i c  p o l a r  as a specia l  
case, i.e. k3 = k4 = 0. 
I f  l i f t  and drag data, p r e f e r a b l y  up t o  a re  ava i lab le ,  t h e  coef-  
f i c i e n t s  of the general drag p o l a r  can be obtained w i t h  t h e  program given i n  
Appendix E. This program, a m o d i f i c a t i o n  o f  t h e  one g iven i n  Reference 26, 
uses a least-squares-distance technique t o  f i t  t h e  data, < . e .  it minimizes 
t h e  sum o f  the  squares of t h e  perpendicu lar  d is tances frbm t h e  d a t a  p o i n t  
t o  t h e  f i t t e d  curve. Th is  type of  l e a s t  squares technique i s  d e s i r a b l e  
because t h e  drag c o e f f i c i e n t  versus l i f t  c o e f f i c i e n t  curve has regions o f  
both sma I I and I arge s lopes. 
The program gives t h e  user t h e  o p t i o n  o f  t h e  f o l l o w i n g  f o u r  p a r t i c u l a r  
forms o f  t h i s  general drag po la r :  
( 1 )  CD = k l  + k2 C t  + k3 CL k4 
k 
(2 )  CD = C + k C2  + k3 CL4 
2 L  DO 
(3 )  C = kl + k3 CL k4 
D 
(4) CD = C + k3 CF4 
DO 
I n  cases ( 1 )  and ( 3 )  a l l  c o e f f i c i e n t s  a re  var ied  i n  t h e  f i t t i n g  process, and 
k1 may n o t  be the actual  z e r o - l i f t  drag c o e f f i c i e n t .  
t h e  user s p e c i f i e s  C D ~ ,  t h e  z e r o - l i f t  drag c o e f f i c i e n t ,  and it i s  no t  var ied  
i n  t h e  f i t t i n g  process.* 
I n  cases ( 2 )  and (4 )  
S o l u t i o n  of the  Pseudo-Polynomials 
The determinat ion o f  each performance parameter requ i res  t h e  s o l u t i o n  
of  a pseudo-polynomial** i n  v e l o c i t y ,  except t h e  cases o f  s e r v i c e  c e i l i n g  
and absolute c e i l i n g  where t h e  simultaneous s o l u t i o n  o f  two coupled 
* Cases ( 3 )  and (4) a r e  t h e  drag p o l a r  forms used i n  t h e  program which 
i n t e g r a t e s  t h e  equations o f  motion (Appendix D ) .  
** 
ra ised t o  powers which are  n o t  necessar i ly  in tegers.  
The word pseudo-polynomial r e f e r s  t o  a polynomial which has t h e  unknown 
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pseudo-polynomials, one i n  v e l o c i t y  wi th  i t s  c o e f f i c i e n t s  depending on 
a l t i t u d e  and one i n  a l t i t u d e  w i t h  i t s  c o e f f i c i e n t s  depending on v e l o c i t y ,  
a re  requ i red. 
For those cases where t h e  s o l u t i o n  of a s i n g l e  pseudo-polynomial i s  
required, t h e  method o f  regula f d s i  ( f a l s e  p o s i t i o n )  i s  used (Ref. 2 7 ) .  
The v e l o c i t y  range o f  t h e  power a v a i l a b l e  versus v e l o c i t y  curve i s  searched 
by increments u r i l i i  a s ig i i  change sf t h e  peudo-po!ynnrnial  occurs. The 
f a l s e  p o s i t i o n  method i s  then used t o  o b t a i n  t h e  zero of t h e  pseudo- 
polynomial t o  w i t h i n  a s p e c i f i e d  to lerance. Note t h a t  s ince  t h e  s p l i n e  
curve f i t  (see above sec t ion)  of t h e  power a v a i l a b l e  versus v e l o c i t y  g ives 
a cub ic  polynomial w i t h  d i f f e r e n t  c o e f f i c i e n t s  from each v e l o c i t y  i n t e r v a l ,  
t h e  c o e f f i c i e n t s  of t h e  var ious  pseudo-polynomials w i  I I vary as t h e  e n t i r e  
v e l o c i t y  range i s  searched. 
I n  the  case o f  s e r v i c e  o r  absolute c e i l i n g s  t h e  method o f  f a l s e  p o s i t i o n  
i s  used i n  con junc t ion  w i t h  an i t e r a t i o n  between t h e  v e l o c i t y  polynomial and 
t h e  a l t i t u d e  polynomial .  Th is  i t e r a t i v e  procedure i s  as 
( 1 )  A s e r v i c e  o r  absolute c e i l i n g  i s  assumed, and 
polynomial i s  solved by regula f a l s i .  
( 2 )  With t h i s  v e l o c i t y  r o o t  the a l t i t u d e  pseudo-po 
by regula f a l s i  f o r  a new va I ue of t h e  s e r v i c e  
c e i  I ing. 
f o l  lows: 
he veloc t y  pseudo- 
ynomial s so lved 
o r  absol u t e  
(3) With t h i s  new a l t i t u d e  step ( 1 )  i s  repeated. I t e r a t i o n  cont inues 
between step ( 1 )  and step (2 )  u n t i l  convergence on both v e l o c i t y  
and a l t i t u d e  i s  achieved t o  w i t h i n  a s p e c i f i e d  to lerance. 
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I n  o rde r  t o  eva lua te  t h e  s t a t i c  performance program, two s i n g l e  engine 
l i g h t  a i r c r a f t  were invest igated;  both t h e  d e s c r i p t i o n  and t h e  r e s u l t s  of 
these two t e s t  cases a r e  g i ven  below. 
The performance of t h e  Cessna 182 (F igure  21 was evaluated us ing  a 
convent ional  parabo l ic  drag p o l a r  and a p o l a r  obta ined by curve f i t t i n g  l i f t  
and drag c o e f f i c i e n t s  obta ined from Cessna A i r c r a f t  through personal  commu- 
n i c a t i o n .  The reference wing area fo r  t h e  l i f t  and drag c o e f f i c i e n t s  was 
174 square f e e t  w h i l e  t h e  bas i c  weight was 2650 pounds. The maximum power 
avai  l a b l e  curve was obta ined us ing t h e  procedure out1 ined i n  Appendix F. 
The engine, a Cont inenta l  Model 0-470-R, had a power r a t i n g  of 230 BHP a t  
2600 RPM. The maximum engine speed fo r  cont inuous opera t ion  was assumed 
t o  be 2400 RPM. The p r o p e l l e r  had a R.A.F. 6 sec t i on  w i t h  a diameter o f  
seven fee t .  
Tables 1 and 2 may be used t o  compare t h e  performance of t h e  Cessna 182 
w i t h  t h e  two d i f f e r e n t  drag polars ;  these t a b l e s  present  t h e  performance 
c h a r a c t e r i s t i c s  f o r  t h e  pa rabo l i c  and t h e  f i t t e d  drag p o l a r s  respec t i ve l y .  
The major d i f f e r e n c e  i s  seen when comparing t h e  minimum leve l  f l i g h t  speeds. 
The ana lys i s  w i t h  a pa rabo l i c  p o l a r  g ives  a much lower va lue of minimum leve l  
f l i g h t  speed than does t h e  f i t t e d  polar ;  t h i s  i s  caused by t h e  e r r o r  en- 
countered when us ing a pa rabo l i c  p o l a r  a t  large l i f t  c o e f f i c i e n t s  ( h i g h  
angles of  a t t a c k ) .  
~ 
The program may be e a s i l y  adapted t o  f i n d  v a r i a t i o n s  o f  s t a t i c  pe r fo r -  
mance parameters f o r  d i f f e r e n t  values of a i r c r a f t  weight  and a l t i t u d e .  The 
power ava i l ab le  and requ i red  curves a t  sea level ,  8000 feet ,  and 16000 f e e t  
a r e  presented i n  F igure  3 f o r  t h e  Cessna 182 w i t h  t h e  f i t t e d  drag p o l a r .  
The v a r i a t i o n s  i n  maximum and minimum leve l  f l i g h t  speeds and maximum r a t e  
of c l imb  w i t h  weight and a l t i t u d e  a r e  g iven i n  F igure  4. 
been inc luded t o  i n d i c a t e  how t h e  changes i n  weight  a f f e c t  t h e  s e r v i c e  and 
absolute c e i l i n g s .  
F igu re  5 has a l s o  
Because of t h e  a v a i l a b i l i t y  of l i f t  and drag data (Ref. 28) t h e  per-  
formance of the Navion was evaluated us ing  t h e  s t a t i c  performance program. 
Several p o i n t s  from t h e  wind tunnel  data were used t o  f i n d  a general  drag 
polar*,  w h i l e  a 285 BHP engine r a t e  a t  2900 RPM was used a t  t h e  power p l a n t .  
The r e s u l t s  of  t h i s  ana lys i s  a r e  g iven i n  Table 3. 
* The sample ou tpu t  g iven  i n  Appendix E conta ins  t h e  a c t u a l  data f o r  t h e  
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POYEA AVAILAILE US. VELOCITY 
REFERENCE ALTITWE - 0.0 FEET 
PA1 FT-LOSISEC) V IFTISFCI  

























































0.191330 03 . . . -. .. 
0.218b70 03 
0.246OOD 03 






CO - O.Ib.QO0-01 0.440240-012L**2 + 0.0 ZL.. 0.0 
NINC AREA 0~114COO 03 W-CT WICMT - O.ZA5000 04 LOS 
MAXIMUM C L l M I  ANCLf - 0.12#500 02 O W  
L l f ?  COEFFICIEYT - C.1150bD 01 DRAG COEF?ICIEkT - 0.1b305E 00 VELDCITY FOR m A n w u *  c L I m  AISLE - o.os3090 02 FTISEC 
VELOCITV F Q  IAXIMUM €NOWINCE 0.912250 02 FT ISEC 
WMER MI MAXIMUM ENDURANCE 0.2041bO 05 FT-L IS ISEC 
L I F T  COEFFICIEMT - 0.1SSYW 01 ORAC COCCFICIENT - O.lO1bOO 00 
VELOCITY FOR CLASSICAL MAYIMW 
L I F T  COEFFICIENT - 0.181bW 00 03 FT ISEC - 0.538000-01 
SERVICE C E I L I N C  0.228310 05 FT 
L1fT COCtFlClENT 0.116110 01 0115 C O t F f I C I E M T  O . Ib97OWl  
AOSOLUTE CEIL I f f i  0-2481W 05 F l  
VELOCITV AT A8SOLUTE CEILING - 0.154700 03 FTlSEC 
L I F T  C O t W I C I E N T  - 0.1lLUTO 01 O R A 6  COEFFICIENT 0.88@9AO-01 
VCLLXITV A T  stnwct CCILIW I O.ISMSO os FTISEC 
MAYIlwy RATE OF CLIMO SCMEOVLE FROM 0.0 F l  TO 0.100wo 05 *I 









0.192100 02  
0.181290 02  
O.LTb190 02 










v I f T I  SEC 8 
0.121A50 0 3  










































































0.6001 10-0 1 
0.bo1010-01 
O.Ll5300-01 
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POWER AVAILAILE vs. v E L a I i v  
REFERENCE A L T I l I D E  - 0.0 FEET 
C A t  F T - L I S I S E C I  V I  F T I S E C I  
0.0 0.0 
0.291500 05 0.213300 02 
0.524100 05 0.546100 02 
0.820000 02 0.699600 05 
0.8162W os 0.109330 03 
















CO * 0.268800-01 0.54242P.OLYL**2 0-171510-012L** 0.650000 01 
WING ALEA .I 0.114000 03 SQo.FT Y I C H T  * 0.26S000 04 L I S  
MINIMUM LEVEL F L l G M l  SPEED - 0.90k650 02 F T I S E C  
L I F l  COEFFICIENT = C.1563KI 01 ORA6 C O E F F I C I E N T  = 0.484180 00 
MAXIMUM LEVEL F L I G M I  SPEED = 0.252510 0 3  F T I S E C  
L I F T  COEFFICIENT - 0.200620 00 M A G  C O E F F I C I E N T  - 0.29063041 
MAXIMUM C L I M 8  ANGLE - 0.102200 02 DE6 
V L L M I T V  FOR MAXIMUM CLIME ANGLE - O.II1100 03 F T I S E C  
L I F T  C O E F F I C I E N T  = C.933380 W DRAG C O E F F I C I E N I  = 0.85415041 
V E L M I T V  FOR C L A S S I C A L  MAXIMUM R A S E  - 0.142050 03 F T I S E C  
LIFT COEFFICIENT = 0 .6342~)  00 MAG COEFFICIENT I 0.496190-0i 
SERVICE C E I L I f f i  - 0.194420 05 FT 
L I F T  COEFFlClEMT - 0.764220 00 D I I G  C O C F F I C l E N T  * 0.61653041 V E U C I T V  AT SERVICE C E I L I N G  - 0.115540 03 FTISEC 
AISOLUTE C E I L I N G  - 0.212360 05 FT 
VELOCITV AT A8SOLUlE C E I L I N G  * 0.180230 0 3  F T I S C C  
L I F T  COEFFICIENT - 0 .11058  00 DRAG C O E F F I C I E N T  - 0.62348D-01 
MAXIMUM 






















RATE OF CLIMB XnEc 










0.142220 0 3  
0.143020 0 3  
0.143840 0 3  
0.144680 0 3  
0.145540 0 3  
O-Tk6430 0 3  
0.147340 0 3  
0.148280 0 3  




)ULE FROM 0.0 






















































0.568 140-0 1 
0 .57 I15W1 




0 . 5 8 * 5 1 ~ 0 1  
0.5869lD-01 
0.589 140-0 1 












0.1468bO 0 3  
0.113980 0 3  
0~201910 0 3  
0-230080 03 






0.464540 0 3  
0.503190 03 
0-543940 0 3  
0.586320 03 
0.630690 0 3  
Table 2. Performance of t h e  Cessna 182 w i t h  the  
t h e  general drag po la r .  
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Figure  4. E f f e c t s  of weight  and a l t i t u d e  on 
maximum and minimum leve l  f l i g h t  









2000 2200 2400 2600 2800 3000 
Figure 5. Serv ice and absolute c e i l i n g s  
for various we ights .  
POWER AVAILABLE VS. VELOCITY 
REFERENCE A L I I T M E  - 0.0 FEET 
P A 1  F T - L I S I S E C  I V l F T I S E C $  
H I F T I  
0.0 
0~500000 0 3  
0.100000 04 

































































0 3  
0 3  
0 3  
0 3  
03 
13 
0 3  
0 3  
0 3  
0 3  
0 3  
AIRCRAFT CHARAClERl  S T I C S  
C D  * 0.410000-01 + 0.101530-010CL**Z + 0.4341110-01.CL** 0.541160 01 
WING AREA - 0.1800OD 0 3  SP.FI WElWT - 0.215000 04 L8S 
S I A I l C  PERFORMANCE A1 AN A L T l I W E  - 0.0 F I  
Y l l N  MINIMUM 1 I M E  AN0 MOST ECONOMICAL CLIMB SCHEDULES IO A F I N A L  ALTITUOE 0-100000 0 5  F I  ..+...**.*****+..++**+.,***~...*+~.+.*.~,*.+*.*~~*+,..+++*~~+..++++++~+~*++...+**.++*+..+, 
MININUM LEVEL F L I S U I  SPEED * 0.903020 02 F T I S E C  
L l f l  C O E F F l C l E N l  - C.151160 01 O R A 6  C O E F F I C I E N T  - 0.574190 00 
M A X I W  L f V E L  FLlOWT SPEED - 0.221310 03 F T I S E C  
LIFI COEFFICIENT - c.zw+m 00 DIU COEFFICIENI I o.4i65oo-01 
MAXIMUM C L I M B  ANGLE - 0.130810 02 OEG 
VELOCITY FOR MAXIMUM CLIMB ANGLE - 0.117270 03 F T I S E C  
LIFI COEFFICIENI - 0.933490 00 ORAG COEFFICIENT - 0.858060-01 
V E L O C I I Y  FOR MAXIMUM ENDURANCE - 0.123510 0 3  F T I S E C  
POWER FOR M A X I M U M  ENOUIANCE - 0.281120 05 Fl-LBSISEC 
L I F T  COEFFICIENT * C.8416H) 00 ORA6 COEFFICIENT * 0.112960-01 
VELOCITY FOR CLASSICAL MAXIMUM RANSE - 0.130600 0 3  F T l S E C  
L I F T  COEFFICIENT - C.152760 00 ORA6 C O E F F I C I E N I  - 0.621030-01 
SERVICE C E I L I N G  * 0.221060 05 FI 
VPLOCIIV A 7  SERVICE C E I L I N G  I 0.171820 0 3  F I l S E C  
L I F T  COEFFICIENT - 0-818lOD 00 ORA6 C O E F F l C l E N T  - 0.68464C-01 
Al lSOLUIE C E I L I N G  - 0.231250 05 F l  
V E L O C l l Y  A I  AISOLUlE CEILINS - 0.182620 0 3  FTISEC 
L IFT  C O E F F I C I E N I  - C.82C4u) 00 ORA6 COECFICIENT - 0.681320-01 
MAXIMUM 
R I C  I F I I S E C I  
0.28095C 02 
0.274160 02 
0.267*10 0 2  
0.260100 02 
0.254020 02 
0.2473PC 0 2  
0.240790 0 2  
0.234230 0 2  
0.221110 0 2  
0.221230 0 2  
0.214180 0 2  
0.208310 0 2  
0.202000 0 2  
0 ~ 1 9 5 6 1 0  0 2  
0.189380 02 
0.183120 0 2  
0.116900 0 2  
0.110110 0 2  
0.164570 02 
0.158460 0 2  
0.152390 0 2  
R A T E  OF CLIMB scnt 
V I F I I S E C  I 
0.130500 0 3  
0.131160 0 3  
0.131840 0 3  
0.132540 0 3  
0.133260 0 3  
0.134000 0 3  
0.134150 0 3  
0.131120 0 3  
0.136320 0 3  
0.137120 0 3  
0.138800 0 3  
0-139670 03 
0.140550 0 3  
0 ~ 1 4 1 4 6 0  0 3  
0.112380 0 3  
0.143320 0 3  
0.144280 0 3  
0 . 1 3 7 q m  0 3  
i0U.E FROM 0.0 



















0.145250 0 3  0.784410 05 
0.116250 0 3  0.710040 05 
0 ~ 1 4 1 2 6 0  03 0.155830 OS 




















0.199130 828 00 
0.801310 00 



















0.66 1490-0 I 
0 -663 110-0 1 
0.664180-01 
0.666310-01 
T I S E C I  
0.0 
Q.180170 0 2  
0.364850 0 2  
0.554240 02 
0.748550 0 2  
0.94802D 02 
O.ll529D 0 3  
0.136350 0 3  
0.11000 0 3  
0.180280 0 3  
0.203220 0 3  
0.22685D 0 3  
0.251230 0 3  
0.116380 0 3  
0.302360 0 3  
0.329210 0 3  
0.351000 0 3  
0.385110 0 3  
0.411610 0 3  
0.446580 0 3  
0.418160 0 3  
Table 3. Performance o f  t h e  Navion fo r  a general d r a g  po la r .  
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TAKE-OFF AND LANDING PERFORMANCE 
The s t a t i c  performance p rev ious l y  discussed has been concerned p r i m a r i l y  
w i t h  t h e  c r u i s i n g  and c l imb ing  a i r c r a f t .  However, t h e  complete performance 
a n a l y s i s  must a l s o  inc lude a d iscuss ion  of  take-o f f  and landing. Take-Off 
performance ana lys i s  can usua l l y  be d i v i d e d  i n t o  two par ts ,  ground run  and 
c l imb over  a 50 f o o t  obstacle.  Analogously, landing cons is t s  of  t h e  approach 
( f r o m  a 50 foo t  a l t i t u d e  t o  touch-down) and t h e  ground run. A b r i e f  ana lys i s  
of  bo th  take-o f f  and landing performance taken l a r g e l y  from Reference 15 i s  
presented be I ow. 
F igure  6. Forces a c t i n g  on an a i r c r a f t  d u r i n g  landing and take -o f f .  
Take-Off Ground Run 
The distance t raversed by an a i r p l a n e  on leve l  ground i n  a c c e l e r a t i n g  




ds dV V = dt and Z = - 
d s = r ,  
d t  
The ground run  can thus  be found by i n t e g r a t i n g  t h e  above expression t o  
y i e l d  
I f  t h e  a i r p l a n e  i s  s t a r t i n g  from r e s t  V x  = 0 and V 
1 1  f t -of f .  
V, = V, = v e l o c i t y  of  t h e  headwind and by r e p l a c i n g  V by ( V  - V w )  s i nce  Z 
i s  a f u n c t i o n  of ground v e l o c i t y  ( V  - V w ) .  
= VLOF = v e l o c i t y  a t  
The e f f e c t s  o f  wind on take-of f can be xccounted f o r  by l e t t i n g  
30 
The f r i c t i o n a l  f o r c e  of t h e  wheels on t h e  runway i s  a f o r c e  which ac ts  
i n  t h e  same d i r e c t i o n  as the  drag force. T h i s  fo rce  i s  p r o p o r t i o n a l  t o  t h e  
weight less t h e  l i f t  and i s  g iven by 
Concrete, aspha I t ,  or  wood 
Hard t u r f  
Average f i e l d  - shor t  grass 
Average f i e l d  - long grass 
Soft ground 
where p i s  t h e  c o e f f i c i e n t  o f  f r i c t i o n .  
o f  runway sur face used. Typica l  values o f  p are .g iven below (Ref. 29): 





0.10 -f 0.30 
I 
~ 
SURFACE I l l  
Table 4. Typ ica l  values o f  p f o r  var ious runway surfaces. 
I n  a d d i t i o n  t o  t h e  f r i c t i o n a l  f o r c e  opposing t h e  t h r u s t  t h e r e  i s  a drag 
f o r c e  so t h a t  t h e  a c c e l e r a t i o n  dur ing t h e  ground run i s  g iven by 
- g[T - D - P(W - L) ]  
W a =  (22) 
Expressing drag and l i f t  i n  c o e f f i c i e n t  form t h e  d is tance equat ion (21)  can 
be expressed as 
( V  - V w )  dV 
( 2 3 )  [T - pw - (CD - ~ C L )  4 poOv2] ’ 
where SG i s  t h e  ground d is tance requi red f o r  take-o f f .  
and W can be assumed t o  be independent o f  v e l o c i t y  and t h e  th rus t ,  T, can 
be found from P/V where P w i l l  be the maximum power. 
t ime t o  l i f t - o f f  can be expressed as: 
For take-of f  CD, CL, 
Since d t  = dV/F, t h e  
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Since a numerical i n t e g r a t i o n  technique i s  requi red t o  evalaute t h e  
i n t e g r a l s  given i n  Equations (23) and (241, a comparat ively s imple method 
f o r  p r e d i c t i n g  t h e  take-of f  ground run and t h e  t ime t o  l i f t - o f f  i s  a l s o  
o f f e r e d .  This method (Ref. 141, presented i n  1933, was intended as a 
p r a c t i c a l  approximation t o  a d i f f i c u l t  problem. The s teps proceed as . .  
f o l  lows: 





KT = s t a t i c  t h r u s t  c o e f f i c i e n t  (F igure 7 or 8) 
BH? = eng i ne brake horsepower 
N = engine speed i n  revo lu t ions  per minute 
D = p r o p e l l e r  diameter i n  f e e t  
W = take-of f  weight i n  pounds 
thpm = maximum t h r u s t  horsepower 
= c o e f f i c i e n t  of wheel f r i c t i o n  (Table 4 )  
= r a t i o  o f  t h r u s t  horsepower a t  speed V 
t o  t h r u s t  horsepower a t  maximum speed 
(F igure 9 )  
thpm 
D 1~ = t h e  r e c i p r o c a l  o f  t h e  maximum value of 
L/D which i s  e i t h e r  known or est imated 
(F igure 10) 
V s  = take-o f f  v e l o c i t y .  
K t  vs and to = -Ks v; so = - 
T T1 (1) 
( 2 )  Evaluate 
(-1 - w  . -w . 
where: 
So = take-of f  ground run 
to = t ime requi red t o  l i f t - o f f  
Ks = take-of f  c o e f f i c i e n t  i n  F igure 11 as a 
& = t ime c o e f f i c i e n t  i n  F igure 12 as a f u n c t i o n  
f unct ion of (TF/W )/cT 1 /W 1 
o f  (TF/W )/(T 1 / W )  . 
( 3 )  Correct ions f o r  take-of f  headwind and take-o f f  weight changes 
can be obta ined from Figures 13 and 14 by using t h e  two r e l a t i o n s  
g i ven be I ow: 
w 1  2 F (-1 Sw = S ( S W 1 and - =  S 1  
O s ,  S2 w2 
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where: 
S W (-1 = r a t i o  o f  take-o f f  d is tance i n  headwind t o  
so d is tance i n  a calm (F igure  13) 
F = weight c o r r e c t i o n  f a c t o r  (F igure  1 4 ) ;  
Because o f  t h e  lack  o f  good t h e o r e t i c a l  l i f t ,  drag, and t h r u s t  data a 
comparison o f  t h e  two methods presented f o r  es t imat ing  t h e  take-of f  ground 
d is tance and the t ime i o  l i f t - o f f  has been ornii iea. 
F igure 7. S t a t i c  t h r u s t  c o e f f i -  
c i e n t  versus 8. 
Figure 8. S t a t i c  t h r u s t  c o e f f i -  
c i e n t  versus V/nD. 
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C I  imb t o  50 Feet 
The approximate ground d is tance t r a v e l e d  i n  a t t a i n i n g  an a l t i t u d e  o f  
50 f e e t  a f t e r  l i f t - o f f  can be expressed by a r e l a t i o n  s i m i l a r  t o  t h e  one 
g iven f o r  the ground run distance: 
o r  
where V50 i s  t h e  v e l o c i t y  o f  t h e  a i r p l a n e  a t  an a l t i t u d e  of  50 fee t .  The 
t ime  requ i red  t o  a t t a i n  an a l t i t u d e  o f  50 f e e t  can s i m i l a r l y  be expressed 
as : 
dV 
g [T - (CD) 4 po~V2S] 
VLOF 
(26) 
The t o t a l  take-o f f  d is tance t raversed i n  go ing from a p o s i t i o n  o f  r e s t  t o  an 
a l t i t u d e  o f  50 f e e t  i s  thus  SG + S50, and the  t o t a l  take-o f f  t ime  i s  tG + t 5 0 .  
Equations (31, (41, (51, and ( 6 )  can be i n teg ra ted  numer ica l l y  i f  t h e  veloc- 
i t i e s ,  which are the  l i m i t s  o f  i n teg ra t i on ,  a re  known; i f  CD and CL a re  
considered independent of v e l o c i t y ,  and i f  t h e  func t i ona l  form o f  T(V) i s  
known. 
o f  t h e  Federal Av ia t i on  Regulat ions (Ref. 30) requ i res  t h a t  V50 be a t  l e a s t  
1.3 t imes t h e  zero t h r u s t  s t a l l  speed. 
approximately 1 . 1  t imes t h e  s t a l l  speed. 
As an a i d  f o r  es t ima t ing  V L 0 ~  and V ~ O  it should be noted t h a t  P a r t  23 
One would a l s o  expect VLoF t o  be 
Landing Approach 
The landing approach can be d i v ided  i n t o  two parts--a s teady-state g l i d e  
path where t h e  a i r p l a n e  i s  i n  t h e  f i n a l  landing c o n f i g u r a t i o n  p r i o r  t o  




Figure  15. Typ ica l  p a t t e r n  f o r  landing approach, f l a r e ,  and touchdown. 
Assumlng t h a t  t h e  f l a r e  i s  a c i r c u l a r  a r c  (F igure  15) and t h a t  y i s  small ,  
then SA,, t h e  ground d is tance traversed i n  descending from an a l t i t u d e  of 50 
f e e t  t o  touchdown, can be expressed as: 
s A = r + 2  50 BY- . (27) 
Since y i s  small, V i s  assumed t o  be constant  dur ing  t h e  approach g l i d e .  An 
expression f o r  y and R must now be determined. 
equal t o  t h e  l i f t ,  y can be w r i t t e n  as 
With t h e  weight approximately 
CD T 
y = - - - *  
CL w 
(28) 
The a c c e l e r a t i o n  normal t o  t h e  f l i g h t  path needed,to f l a r e  i s  a t t a i n e d  by 
r o t a t i n g  t h e  a i r p l a n e  t o  a h igher  CL value, say CL. 
t h e  f l a r e  can be w r i t t e n  
The l i f t  f o r c e  dur ing  
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L 1  = C l p  a sv2 . 
L o 2  
Then t h e  fo rce  normal t o  t h e  f l i g h t  path i s  
1 1 F N = L  - W C O S Y = L  - W e  
1 
However, dur ing t h e  g l  i de  L N W; thus  L1/W = C /C 
t he re fo re  be w r i t t e n  as 
The normal f o r c e  can 
L L '  
1 
where n = C / C  = load f a c t o r  ( t h e  max 
CL i s  d L L  
= W(n - 1 )  
mum value of  n 
c t a t e d  by s t a l  
which may be app I i ed  t o  
o r  b u f f e t  l i m i t s ) .  
The f o r c e  normal t o  t h e  f l i g h t  path can a l s o  be expressed as 
where 
- v 2  a N - - .  
R 
Equat ing t h e  two expression fo r  normal f o r c e  y i e l d s  t h e  r e l a t i o n  
w v 2  
g R  
W(n - 1 )  = -- 
or  
But, 
V 2  
g(n - 1 )  
R =  
( 2 9 )  
(30) 
1 
With equat ion ( 2 8 ) ,  (301, and (31) and t h e  f a c t  t h a t  CL = nCL, equat ion ( 2 7 )  
can be expressed as 
The ground d is tance f o r  approach can thus  be est imated i f  C,,, CL 
t h e  change i n  l i f t  c o e f f i c i e n t  which occurs du r ing  t h e  f l a r e ,  n, a r e  known. 
T, and 
Landing Ground Run 
The landing ground run  can be descr ibed as ( 1 )  a s h o r t  ground run  
(approximately two seconds) immediately f o l l o w i n g  touchdown w h i l e  t h e  a i r p l a n e  
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i s  being changed from landing conf igura t ion  t o  b rak ing  c o n f i g u r a t i o n  and 
( 2 )  t h e  remaining ground run which br ings t h e  a i r p l a n e  t o  a complete stop. 
The d is tance covered i n  landing t r a n s i t i o n  i s  taken t o  be 
where 
- VTD + VB 
 at^^^^ - S~~~ 2 
VTD = touchdown veloc i ty* ,  
V = speed a t  f u l l  braking conf igura t ion ,  B 
= t h e  t r a n s i t i o n  t ime from touchdown t o  f u l l  
AtTRAN brak ing  (approximately 2 seconds). 
(33)  
The ground run brak ing  d is tance i s  obtained i n  t h e  same manner as t h e  take- 
o f f  ground run, 
where 
VB = i n i t i a l  b rak ing  speed, 
V W  = headwind v e l o c i t y ,  
a = decelerat ion ra te .  
- 
The a c c e l e r a t i o n  (dece le ra t ion  i f  it i s  negat ive)  term der ived i n  t h e  t a k e - o f f  
s e c t i o n  may be used here w i t h  an appropr ia te b rak ing  va lue o f  
approximate value of 1.1 f o r  a i r c r a f t  t i r e s  on an aspha l t  runway i s  0.3) 
Thus, 
(a  good 
SB 
I n  us ing he above equat ion t h e  values o f  CD and CL must be those a c t u a l l y  
obta ined n a land ng run. For instance, i f  t h e  f l a p s  are  r e t r a c t e d  a f t e r  
touchdown then t h e  approach CL should n o t  be used t o  c a l c u l a t e  t h e  brak ing  
distance. S i m i l a r l y  i f  an a i r c r a f t  i s  equipped w i t h  r e v e r s i b l e - p i t c h  
prope l le rs ,  t h e  t h r u s t  term should take t h i s  i n t o  account. I f  a r e v e r s i b l e  
p r o p e l l e r  i s  no t  used then T should represent  t h e  i d l e  t h r u s t .  
I f  one des i res  t o  achieve t h e  minimum brak ing  d is tance then a la rge  
negat ive value o f  t h e  a c c e l e r a t i o n  term i s  desired. Th is  i s  bes t  obta ined 
w i t h  a negat ive t h r u s t  ( r e v e r s i b l e  p r o p e l l e r ) ,  a h igh  drag c o e f f i c i e n t ,  and 
a low value o f  CL. 
* I t  should be remembered t h a t  the touchdown v e l o c i t y  must be low enough 
t h a t  t h e  l i f t  w i l l  no t  be grea ter  than t h e  weight a t  t h e  touchdown a l t i t u d e .  
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PATH PERFORMANCE 
DESCRIPTION OF THE PATH PERFORMANCE EQUATIONS AND THE INTEGRATION PROCEDURE 
EMPLOYED TO OBTAIN FLIGHT TIME HISTORIES 
I n  recent  years, development of the d i g i t a l  computer and improved numeri- 
c a !  techniques have made poss ib le  t h e  p r e d i c t i o n  o f  a i r c r a f t  performance i n  
a somewhat more soph is t i ca ted  manner. Pr io r -  to 1 1 1 1 . 3 ,  the s t a t i c  ana lys i s  
d e t a i l e d  i n  t h e  preceding sec t i on  was used exc lus i ve l y  i n  es t ima t ing  a i r c r a f t  
performance. However, when more-refined ana lys is  i s  des i red t h e  approach 
most o f t e n  employed i s  i n t e g r a t i o n  of the  veh ic le  equations o f  motion, a 
system o f  simultaneous, o rd ina ry  d i f f e r e n t i a l  equations. Th is  i n t e g r a t i o n  
y i e l d s  t ime h i s t o r i e s  o f  both v e h i c l e  and f l i g h t  path parameters f o r  var ious 
con t ro l  inputs .  By repeatedly so l v ing  these equations f o r  d i v e r s i f i e d  inputs, 
t he  p r a c t i c a l  optimum o f  some desi red parameter ( i . e . ,  range, r a t e  o f  c I  imb, . . I  
may be approached. 
The general equations governing a i r c r a f t  performance as der ived i n  
Appendix B have been programmed f o r  numerical so lu t i on .  A d iscuss ion o f  t h e  
s o l u t i o n  procedure and o f  some t y p i c a l  r e s u l t s  for  var ious  i npu t  combinations 
c o n s t i t u t e s  t h e  m a j o r i t y  o f  t h e  section. A d e t a i l e d  user guide, complete 
w i t h  an example case and a program l i s t i n g ,  i s  presented i n  Appendix D. 
The basic  equations (B-19) a re  presented below f o r  reference. 
v cos y 
V s i n  y 
gP g sv2 - _ - -  
wv C ~ ( c l )  p (h )  - g s i n  y 
9 
w 2  V 
-- sv CL(a) p ( h )  - - cos y 
- CP 
~ ~ ( 1 . 0  - 6.86 x 10-6h>4.26 
c a + c L  
La ( a=O 1 
cDo 
Pmax( h , V 








The f i r s t  equation, which r e l a t e s  t h e  h o r i z o n t a l  d is tance t r a v e l e d  t o  t h e  
v e l o c i t y  and f l i g h t  path angle, i s  added t o  those o f  Appendix 6 t o  permi t  
t h e  d i r e c t  c a l c u l a t i o n  of range. Note t h a t  t h e  fue l - f low r a t e  i s  considered 
t o  be d i r e c t l y  p ropor t iona l  t o  engine power r a t h e r  than t o  t h r u s t ,  s ince 
concern here i s  p r i m a r i l y  f o r  a i r c r a f t  powered by p i s t o n  engines. Also, 
t h e  v a r i a t i o n  i n  t h r u s t  w i t h  angle o f  a t t a c k  i s  r e s t r i c t e d  t o  small  a, s ince  
t h e  t h r u s t  vector i s  assumed t o  l i e  along t h e  body axis.*  
general equations, Equation (43) was s i m p l i f  I n  programming t h e  
s e t t i n g  k equal t o  zero 
When drag data a r e  avai  
k l  , 
sec 
- y i e l d i n g  . the f o l  lowing f u n c t i o n a l  form. 
ed by 
(45) 
able, t h e  th ree  parameters i n  Equation (45) CD,, 
A comparison of t h e  accuracy obtained by f i t t i n g  drag data w i t h  
k2) may be found by t h e  c u r v e - f i t t i n g  scheme presented i n  t h e  previous 
t h e  t h r e e  parameters o f  Equation (45) as opposed t o  t h e  four  parameters of 
Equation (43) ind ica tes  a n e g l i g i b l e  d i f f e r e n c e  except f o r  angles o f  a t t a c k  
approaching s t a l l .  Since most performance t r a j e c t o r i e s  do n o t  e n t a i l  con- 
t inued operat ion near t h e  minimum speed, t h i s  s i m p l i f i c a t i o n  introduces no 
s i g n i f i c a n t  e r r o r .  For c a l c u l a t i o n s  i n  which opera t ion  near t h e  minimum 
v e l o c i t y  i s  o f  pr imary in te res t ,  t h e  reader should i n v e s t i g a t e  t h e  procedure 
presented i n  the prev ious sec t ion  which employs t h e  four  parameter f i t  t o  
drag data. 
t i o n .  
I f  drag data  are no t  accessible,  t h e  standard p a r a b o l i c  drag p o l a r  
evolves from Equation (45) as fo l lows:  
where 
e = Oswald’s e f f i c i e n c y  f a c t o r  
AR = wing aspect r a t i o  
CDo = drag c o e f f i c i e n t  which i s  independent 
o f  angle o f  a t tack .  
From a mathematical v iewpoint ,  t h e  performance problem is one o f  s o l v i n g  
four  nonl inear  ord inary d i f f e r e n t i a l  equations i n v o l v i n g  s i x  dependent 
var iab les  and one independent var iable-- t ime. Consequently, t h e r e  a r e  two 
degrees o f  freedom which imply an i n f i n i t e  number o f  t r a j e c t o r i e s  f o r  each 
s e t  o f  i n i t i a l  condi t ions.  To o b t a i n  a unique t r a j e c t o r y ,  t ime h i s t o r i e s  
of s i x  unknowns must be s p e c i f i e d .  Although t h e r e  are f i f t e e n  p o s s i b l e  
combinations of these unknowns taken two a t  a t ime, t h e  programmed s o l u t i o n  
procedure a l l o w s  t h e  user t o  spec i fy  o n l y  four teen se ts  o f  inputs  s ince  
weight and power can n o t  be s p e c i f i e d  independently. The opt imal des i red 
* 
expressions, i f  avai lab le,  may e a s i l y  be s u b s t i t u t e d  w i t h o u t  s i g n i f i c a n t  
i ncrease i n comput i ng t i me. 
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These r e s t r i c t i o n s  are not  fundamental t o  t h e  technique. More general 
( range,.rate o f  climb, e tc . )  s t r o n g l y  inf luences t h e  s e l e c t i o n  of v a r i a b l e s  
t o  be s p e c i f i e d .  The v a r i a t i o n  o f  any chosen v a r i a b l e  and i t s  d e r i v a t i v e s  
i s  assumed known throughout t h e  e n t i r e  t r a j e c t o r y .  I n i t i a l  cond i t ions  f o r  
each o f  t h e  d i f f e r e n t i a t e d  v a r i a b l e s  must be provided f o r  use i n  s t a r t i n g  
t h e  i n t e g r a t i o n  procedure. 
The i n t e g r a t i o n  technique, e s s e n t i a l l y  a Runge-Kutta Adams-Bashforth 
p r e d i c t o r - c o r r e c t o r  procedure, was a l t e r e d  on the  bas is  o f  a paper by Charles 
Trearior (Ref. 31). S I x e  it i s  s e l f - s t a r t i n g ,  t h e  modi f ied Runge-Kutta was 
used t o  c a l c u l a t e  t h e  f i r s t  f o u r  points.  
c o r r e c t o r  performed t h e  remaining i n t e g r a t i o n  u n t i l  t h e  step s i z e  was e i t h e r  
increased o r  decreased due t o  some e r r o r  c r i t e r i o n .  
Then t h e  modi f ied p r e d i c f o r -  
The f o l l o w i n g  i s  a b r i e f  synopsis o f  t h e  e v o l u t i o n  o f  t h e  i n t e g r a t i o n  
procedure from t h e  c l a s s i c a l  Runge-Kutta i n t o  i t s  f i n a l  form. The modi f ica-  
t i o n  proposed by Treanor i s  app l i cab le  t o  any d i f f e r e n t i a l  equat ion i n  which 
t h e  d e r i v a t i v e  of t h e  dependent v a r i a b l e  has a s t rong dependence on t h e  
d i f f e r e n c e  between t h e  value o f  t h e  v a r i a b l e  and t h a t  o f  some s lowly  changing 
func t ion .  T h i s  type  behavior i s  notably ev ident  i n  c a l c u l a t i n g  t h e  d e r i v a t i v e  
o f  f l i g h t  path angle as can be seen by grouping t h e  r i g h t  hand s i d e  o f  
Equation ( 3 9 )  as fo l lows:  
1 CL) - - 9 cos y . (h)V2S 
2 w v  
S u b s t i t u t i n g  f o r  t h e  l i f t  and rearranging y i e l d s :  
0 9 L 
V 1’ = - - [cos y - 
(47)  
(48)  
Obviously, t h e  d e r i v a t i v e  i s  s t rong ly  dependent upon y and t h e  s lowly  
changing l i f t  t o  weight r a t i o .  When s o l v i n g  a system o f  equat ions using 
standard Runge-Kutta Adams-Bashforth technique, t h e  above equat ion induces 
enormous o s c i l l a t i o n s  which severe ly  r e s t r i c t  t h e  s i z e  o f  t h e  i n t e g r a t i o n  
increment. The Treanor m o d i f i c a t i o n  t o  t h e  c l a s s i c a l  Runge-Kutta method 
removes these o s c i l l a t i o n s  i n  any i n t e g r a t i o n  i n t e r v a l  where t h i s  s t rong 
dependence i s  detected. For regions n o t  e x h i b i t i n g  t h i s  p a r t i c u l a r  
behavior, t h e  modi f ied method rever ts  t o  c l a s s i c a l  f o u r t h  o rder  Runge-Kutta. 
However, even w i t h  t h e  enlarged i n t e g r a t i o n  s tep s i z e  permi t ted  by t h e  
mod i f ied  Runge-Kutta, s o l u t i o n  o f  the system o f  equations proved t o  be very 
c o s t l y  ( i n  computer t ime)  when i n t e g r a t i n g  t r a j e c t o r i e s  o f  long dura t ion  
( i .e. ,e ight  hours o r  more). T h i s  i s  because Runge-Kutta procedures 
e s s e n t i a l l y  o b t a i n  t h e  s o l u t i o n  twice f o r  each i n t e g r a t i o n  i n t e r v a l .  I n  
a p a r t i c u l a r  i n t e r v a l  t h e  r e s u l t s  are f i r s t  computed a t  t2 = t i  + At and 
then recomputed us ing steps o f  t / 2 .  
i n d i c a t e s  t h e  accuracy obtained and determines whether t h e  i n t e g r a t i o n  step 
s i z e  should be increased or decreased. Thus t h e  equat ions are  a c t u a l l y  
so lved twice, once i n  normal s tep sizes and again i n  h a l f  steps w i t h  a 
comparison f o l l o w i n g  t h e  la rger  step. T h i s  computational complexi ty 
suggests t h e  use o f  a f o u r t h  order  p r e d i c t o r - c o r r e c t o r  such as t h a t  o f  
Adams-Bashforth (Ref. 32). A mod i f i ca t ion  o f  t h i s  p red ic to r -cor rec tor ,  
A comparison between t h e  two r e s u l t s  
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which can accommodate d e r i v a t i v e s  s t r o n g l y  r e l a t e d  t o  t h e  va lue  of t h e  depen- 
dent va r iab le  and which provides t h e  c o m p a t i b i l i t y  cond i t i ons  necessary for 
use w i t h  t h e  modif ied Runge-Kutta procedure, i s  der ived  i n  Appendix G. Use 
of  t h i s  combined i n t e g r a t i o n  procedure pe rm i t ted  t h e  step s i z e  t o  increase 
by one t o  th ree  orders of magnitude depending upon t h e  t ype  and na ture  of  
t h e  s p e c i f i e d  va r iab les .  Computational t imes were so d r a s t i c a l l y  reduced 
t h a t  i n t e g r a t i o n  of  e i g h t  t o  t e n  hour f l i g h t  t r a j e c t o r i e s  were r e l a t i v e l y  
inexpensive. 
about n i n e  seconds, f o r  a s o l u t i o n  having a l t i t u d e  and angle o f  a t t a c k  
s p e c i f i e d  as constant, t o  s l i g h t l y  more than two minutes fo r  a t r a j e c t o r y  
w i t h  a superimposed o s c i l l a t o r y  mode which r e s u l t s  from s p e c i f i c a t i o n  of 
angle of  a t t a c k  as a constant  and power as t h e  maximum ava i l ab le .  
Execution t imes f o r  an e i g h t  hour t r a j e c t o r y  may vary from 
I The c o n s t r a i n t  on t h e  general performance problem, Equation (441, demands 
t h a t  t h e  power f o r  any f l i g h t  maneuver always be less than or equal t o  t h e  
maximum power a v a i l a b l e  a t  a p a r t i c u l a r  a l t i t u d e  and v e l o c i t y .  To f u l f i l l  
t h i s  requirement, t h e  maximum power a v a i l a b l e  as a f u n c t i o n  of  a l t i t u d e  and 
v e l o c i t y  must be determined f o r  t h e  a i r c r a f t  under i nves t i ga t i on .  The 
c a l c u l a t i o n  o f  Pmax(h,V) f o r  use i n  t h i s  general i n t e g r a t i o n  procedure i s  
d e t a i l e d  i n  the prev ious  sec t ion .  B r i e f l y ,  t h e  technique u t i l i z e s  a s p l i n e  
f i t  o f  several power a v a i l a b l e  versus v e l o c i t y  p o i n t s  a t  some reference 
a l t i t u d e  t o  p r e d i c t  t h e  maximum power a v a i l a b l e  a t  any a l t i t u d e  and v e l o c i t y .  
The program compares t h e  ac tua l  power c a l c u l a t e d  w i t h  Pmax(h,V) a t  each 
i n t e g r a t i o n  step t o  insure  t h a t  t h e  r e s u l t i n g  t r a j e c t o r y  s a t i s f i e s  t h e  
maximum power a v a i l a b l e  c o n s t r a i n t .  
44 
TYPICAL RESULTS FROM 
The performance of a 
NTEGRATION OF THE PATH PERFORMANCE EQUATIONS 
v e h i c l e  i n  actual f l i g h t  may e x h i b i t  many features 
o f  i n t e r e s t  i n  a d d i t i o n  t o  t h e  e q u i l i b r i u m  maximums pred ic ted  by s t a t i c  
c a l c u l a t i o n s .  Some a i r c r a f t  experience acce le ra t ions  t o o  severe fcr r e l i a b l e  
s t a t i c  approximation. For example, i n  a zoom maneuver o r  a r a p i d  cl imb, 
t h e  a i r f rame dynamics are  obviously nonl inear and t h e i r  d e s c r i p t i o n  demands 
a more soph is t i ca ted  treatment.  
power loadings a l s o  emphasize t h e  need t o r  t h i s  i y p e  ana!ysls. 
examples serve t o  i l l u s t r a t e  t h i s  treatment and w i l l ,  perhaps, encourage t h e  
reader 's use o f  t h e  more r e a l i s t i c  path performance approach poss ib ly  
employing t h e  accompanying computer program (Appendix D ) .  
Large weight changes associated w i t h  h igh  
The fs!!nwlng 
The f o l l o w i n g  examples a l l  employ t h e  c l a s s i c a l  parabo l ic  drag po la r .  
However, computation w i t h  t h e  t h r e e  parameter p o l a r  o f  Equation (45) proceeds 
w i t h  equal ease. A value f o r  CD was taken from Reference 1 and c, t h e  
s p e c i f i c  f u e l  comsumption, was g iven an average value o f  0.6 Ibs/hp-hr. 0 
F i r s t ,  t h e  determinat ion of a i r c r a f t  range f o r  several  d i f f e r e n t  sets  
of s p e c i f i e d  parameters was invest igated. When consider ing t h e  p r e d i c t i o n  
o f  maximum range f o r  a given amount of fue l ,  t h e  i n v e s t i g a t o r  who draws upon 
h i s  previous experience immediately considers angle o f  a t t a c k  as one o f  t h e  
s p e c i f i e d  var iab les,  s ince f o r  quasi-steady cond i t ions  f l y i n g  a t  a = ~(L/D), ,~ 
produces t h e  grea tes t  range per  pound o f  f u e l .  
us ing t h e  path performance equat ions (and discussed below) prove t h e  v a l i d i t y  
o f  t h i s  r e s u l t  f o r  l i g h t  a i r c r a f t .  The second s p e c i f i e d  v a r i a b l e  could be 
any o f  several  whose e f f e c t  on t h e  r e s u l t i n g  t r a j e c t o r y  might y i e l d  an in-  
creased range. To determine ~ ( L / D )  f o r  t h e  t h r e e  parameter drag p o l a r  
o f  Equation (451, f i r s t  form t h e  ray% (CL/CD) and d i f f e r e n t i a t e  w i t h  respect  
t o  CL, s e t  t h e  d e r i v a t i v e  equal t o  zero, then so lve  f o r  C L ( L / D ) ~ ~ ~ .  Th is  
process y i e I ds 
Ca lcu la t ions  c a r r i e d  o u t  
1 /k2 
"( L/D), =[ k, ( cDo- k2 1 ) ]  ( 4 9 )  
For t h e  parabo l ic  drag polar,  k2 = 2, and 
o r  
I n s e r t i n g  (50) i n t o  Equation (42) y i e l d s  a f o r  maximum l i f t  t o  drag r a t i o .  
Each t r a j e c t o r y  began w i t h  s i m i l a r  i n i t i a l  c o n d i t i o n s  and was terminated 
upon consumption o f  222 pounds o f  f u e l .  I n i t i a l  and f i n a l  values f o r  
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The s p e c i f i e d  va r iab les  f o r  Case ( 1 )  a r e  constant  angle o f  a t t a c k  and 
constant  a l t i t u d e .  Dur ing the  eight-hour t r a j e c t o r y ,  t h e  weight  decreased 
by 222 pounds w i t h  an associated v e l o c i t y  drop o f  6.4 f e e t  per  second and 
a corresponding power reduc t ion  o f  about 6 hp. I n  Case ( 2 )  a smal le r  angle 
of  a t t a c k  (a = 3 degrees) was spec i f i ed  and t h e  o the r  parameters remained 
as i n  Case ( 1 ) .  A f t e r  expending 222 pounds of fue l ,  t h e  range was 43 m i les  
less than f o r  Case ( 1 ) .  Th i s  i l l u s t r a t e s  t h e  advantage o f  f l y i n g  w i t h  angle 
o f  a t t a c k  f o r  maximum l i f t  t o  drag r a t i o .  I n  Case (31,  angle o f  a t t a c k  and 
a si i g n i i y  i a rger  v e l z c l t y  t h a n  t h a t  r e s u l t i n g  from prev ious t r a j e c t o r i e s  
were spec i f ied .  Th is  at tempt t o  fu r the r  range through a s l i g h t  increase iit 
speed proved f u t i l e ,  s ince t h e  veh ic le  c l imbed near ly  2,000 f e e t  and then 
began t o  g l i d e  a f t e r  us ing t h e  a l l o t t e d  f u e l  u n t i l  a t  t he  same f i n a l  a l t i t u d e  
it obta ined an equ iva len t  range. 
I n  Case (4 )  t he  power was spec i f i ed  as the  minimum requ i red  f o r  leve l  
f l i g h t - - a t  10,000 f e e t  w i t h  a = a(L/D)max--mult ip l ied by a f a c t o r  t o  a l low 
f o r  dens i t y  v a r i a t i o n  as the  veh ic le  c l imbs due t o  fue l  usage. Once t h e  
weight reached 2,428 pounds (222 pounds o f  f u e l  burned), t h e  power was s e t  
equal zero and t h e  veh ic le  permi t ted  t o  g l i d e  u n t i l  it descended t o  10,000 
f e e t  a l t i t u d e .  A s i m i l a r  power schedule was fo l lowed i n  Case ( 5 )  w i t h  t h e  
except ion t h a t  power was assigned t o  be t h e  maximum a v a i l a b l e  as a f u n c t i o n  
o f  loca l  a l t i t u d e  and v e l o c i t y .  As before, when f u e l  consumption reached 
222 pounds, t h e  power was s e t  equal zero w i t h  t h e  e f f e c t  being a g l i d e  
descent t o  10,000 fee t .  
w i t h  t h e  r e s u l t i n g  a l t i t u d e  and v e l o c i t y  v a r i a t i o n s .  
g l i d e d  t h e  l a s t  s i x  miles; whereas, the Case ( 5 )  c r a f t  f i n i s h e d  by g l i d i n g  
f o r  nea r l y  45 mi les .  However, as Table 5 ind icates,  both t r a j e c t o r i e s  
produced t h e  same range, b u t  Case ( 5 )  requ i red  near ly  1.5 hours less f l i g h t  
t ime. 
F igure  16 presents a comparison o f  power schedules 
The v e h i c l e  o f  Case (4 )  
Mo t i va t i on  produced by t h e  performance o p t i m i z a t i o n  study o f  Reference 33 
led t o  t h e  i n v e s t i g a t i o n  of a i r c r a f t  range us ing a combination o f  t h ree  
power s e t t i n g s .  The t r a j e c t o r y  was d iv ided i n t o  th ree  sections--ascent, 
cru ise,  and descent--with a d i f f e r e n t  power s e t t i n g  corresponding t o  each 
regime. F i r s t ,  t he  power was designated as t h e  maximum a v a i l a b l e  f o r  t h e  
ascent stage; then a t  some predetermined a l t i t u d e  the  power was r e s e t  so 
t h a t  du r ing  c r u i s e  the  t h r u s t  and drag were equal; f i n a l l y ,  when t h e  assigned 
p o r t i o n  o f  f u e l  (common t o  each t r a j e c t o r y )  was consumed, t h e  power was shut  
o f f  and t h e  v e h i c l e  executed a g l i d e  descent back t o  i t s  i n i t i a l  a l t i t u d e .  
Since range was o f  pr imary concern, the second v a r i a b l e  was s p e c i f i e d  as 
a = ~ ( L / D ) ~ ~ ~ .  A f am i l y  o f  t r a j e c t o r i e s  was in tegra ted  w i t h  t h e  a l t i t u d e  
f o r  sw i t ch ing  t h e  power from maximum t o  t h a t  f o r  t h r u s t  equal drag being 
va r ied  from 14,000 f e e t  t o  22,000 fee t  i n  increments o f  2000 f e e t .  F igure  
17 presents  a l t i t u d e  and power v a r i a t i o n s  corresponding t o  the .upper  and 
lower sw i tch ing  a l t i t u d e s .  A f t e r  descent t o  10,000 fee t ,  t h e  range f o r  
every t r a j e c t o r y  was equ iva len t .  
i n  length, t h e  f i n a l  range was compared w i t h  Case ( 1 )  o f  Table 5 a t  t h e  
f i v e  hour mark and they were a l s o  equiva lent .  The major conc lus ion from 
the  above i n v e s t i g a t i o n  o f  a i r c r a f t  range i s  t h a t  most t r a j e c t o r i e s  w i l l  
produce ranges o f  equal magnitude whenever one o f  t h e  s p e c i f i e d  va r iab les  
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* 
i s  Set as c1 = a(L/D)max* Thus t h e  major o b j e c t i v e  f o r  most p i l o t s  d e s i r i n g  
maximum range should be f l i g h t  a t  approximately t h e  angle o f  a t t a c k  f o r  
maximum l i f t  t o  drag r a t i o .  To o b t a i n  more r e a l i s t i c  r e s u l t s  than those i n  
Table 5 ( i . e .  795 mi les  on 222 pounds o f  fue l  i s  q u i t e  an exaggerat ion) 
and t o  accurately approximate ~(L/D), , ,~~, improvement i n  t h e  p r e d i c t i o n  o f  
three-dimensional l i f t  and drag c h a r a c t e r i s t i c s  i s  mandatory. More prec ise  
knowledge o f  t h e  v a r i a t i o n  o f  f u e l  f low r a t e  w i t h  power required, a i r c r a f t  
speed, and a l t i t u d e ,  and engine speed and t h r o t t l e  s e t t i n g  i s  a l s o  necessary. 
Acceptable t rends and des i red o b j e c t i v e s  may be formulated us ing t h e  c l a s s i c a l  
l i f t  and drag r e l a t i o n s ;  however, r e a l i s t i c  values from performance ca lcu la -  
t i o n s  w i l l  r e s u l t  on ly  when h igh  q u a l i t y  aerodynamic and engine t e s t  data 
o r  soph is t i ca ted  p r e d i c t i o n  techniques are u t i l i z e d  t o  est imate t h e  body 
forces and the f u e l  f low r a t e .  
Since the o b j e c t i v e  o f  t h e  preceding ana lys is  was determinat ion o f  
parameter behavior throughout t h e  f l i g h t ,  la rge  t ime scales o f  several  hours 
o r  more were employed. These large t ime d i v i s i o n s ,  however, o f t e n  mask 
some i n t e r e s t i n g  behavior which occurs s imultaneously b u t  can be observed 
on ly  on a small t ime scale. An inset ,  descr ib ing  t h e  f i r s t  two minutes of 
f l i g h t  path angle v a r i a t i o n  w i t h  t ime f o r  t h e  t r a j e c t o r y  o f  Case (51, i s  
presented i n  F igure 18. 
0 10 20 30 40 50 60 70 80 90 100 110 120 
Time (seconds) 
Figure 18. Sample phugoid t r a j e c t o r y .  
* Th is  r e s u l t  should n o t  be t o o  s u r p r i s i n g .  Consider f o r  t h e  moment t h e  
s i t u a t i o n  which would e x i s t  i f  t h e  drag were zero. Then t h e  energy requ i red  
t o  t r a v e r s e  any t r a j e c t o r y  between p o i n t  A and p o i n t  B would be t h e  same, 
namely zero. Because'of t h e  ex is tence o f  drag, energy can be d i s s i p a t e d  i n  
two ways: t h a t  requ i red  t o  overcome f r i c t i o n  i n  steady f l i g h t  and t h a t  
associated w i t h  t h e  increas ing d isorder  (ent ropy)  o f  accelerated motion. Now, 
i f  t h e  drag i s  r e l a t i v e l y  small t o  begin w i t h  and t h e  acce le ra t ions  a r e  a l s o  
modest, then it i s  reasonable t o  expect t h a t  a g r e a t  many d i f f e r e n t  f l i g h t  
t r a j e c t o r i e s  w i l l  have very s i m i l a r  energy requirements, t h a t  i s ,  they w i l l  
r e q u i r e  t h e  same amount o f  f u e l  p l u s  o r  minus a pound o r  two. 
very d i f f e r e n t  r e s u l t s  f o r  t r a j e c t o r i e s  i n v o l v i n g  near son ic  speeds w i t h  
s i g n i f i c a n t  accelerat ions.  
50 
One would expect 
Since t h i s  behavior normal ly r e s u l t s  whenever angle o f  a t t a c k  (i.e. 
c o e f f i c i e n t )  i s  he ld  constant, t h e  o s c i l l a t i o n  observed i n  F igure 18 i s  
commonly known as a phugoid t r a j e c t o r y .  The per iod of o s c i l l a t i o n ,  about 
21 seconds, i s  t y p i c a l  o f  t h e  phugoid motion f o r  l i g h t  a i r c r a f t .  The 
o s c i l l a t i o n s  are damped as t h e  v e l o c i t y  increases and t h e  v e h i c l e  cl imbs, 
due t o  t h e  decrease i n  amount o f  excess power ava i lab le .  Observation o f  
t h i s  t r a j e c t o r y  on a la rger  t ime scale, reveals  on ly  an average y which 
decreases from about 4.4 degrees t o  approximately zero l a t e  i n  t h e  f l i g h t .  
Recovery o f  t h e  aforementioned phugold motions frzm t h e  tots! t r a j e c t o r y  
symbolizes t h e  very general nature of  t h i s  s o l u t i o n  and emphasizes t h e  
lack o f  most r e s t r i c t i v e  assumptions. 
l i f t  
The a p p l i c a t i o n  o f  a general s o l u t i o n  technique t o  landing f l i g h t  
appears very in format ive.  For analysis,  t h e  landing i n  subdiv ided i n t o  two 
por t ions,  t h e  approach and t h e  f l a r e ,  w i t h  v e l o c i t y  and f l i g h t  path angle 
s p e c i f i e d  i n  each i n t e r v a l .  A bas ic  geometrical d e s c r i p t i o n  o f  t h e  g l i d e  




- 'I -----j-k '2 
Figure  19. Geometri I d e s c r i p t i o n  o f  landing ana lys is .  
1 
I_ X 
The o v e r a l l  concept i s  f i r s t  t o  descend a t  constant  v e l o c i t y  and f l i g h t  path 
angle u n t i l  reaching an a l t i t u d e  o f  hl and then execute a f l a r e  w i t h  v e l o c i t y  
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S p e c i f i c a t i o n  o f  y i n  t h e  
a c i r c l e  o f  radius R w i t h  
and (R 
S i  nce 
f I i g h t  
decreasing and y becoming zero a t  touchdown. For i l l u s t r a t i o n ,  t h e  f l i g h t  
path angle i s  s p e c i f i e d  so as t o  produce a c i r c u l a r  a r c  f l a r e  and v e l o c i t y  
i s  l i n e a r l y  decreased from t h e  approach speed t o  some touchdown v e l o c i t y .  
f l a r e  reg ion necess i ta tes f i n d i n g  t h e  equat ion of 
center  a t  ( j ,  k) passing through p o i n t s  (21, h l )  
s equat ion i s  o f  t h e  form: + R2 t b, 0) .  Th 
path angle for  t h e  
x - jI2 + (h - k I 2  = R2 . (52) 
f l a r e  regime i s  g iven by: 
y = - tan-’  (-1 . 
(53) 
(54)  
For c a l c u l a t i o n  of j and k, values o f  ho ( a l t i t u d e  a t  beginning o f  approach), 
y (constant  g l i d e  path angle dur ing  approach), and e i t h e r  h l  ( a l t i t u d e  o f  
f y a r e  i n i t i a t i o n )  or  b (d is tance from i n t e r s e c t i o n  of  extended approach path 
w i t h  ground t o  t h e  p o i n t  o f  touchdown) must be given. 
parameters, values for j and k may be determined from t h e  f o l l o w i n g  formulae: 
Using these t h r e e  
hl = b s i n  yo (55) 
R = b/ tan(yo/2) ( 5 6 )  
R1 = (ho - h l ) / t a n  yo (57) 
k = R  
j = R 1  + Jhl(2R - h,) . 
Thus v e l o c i t y  and f l i g h t  path angle may be s p e c i f i e d  as fo l lows:  
Y =  
V =  
52 
- yo 
x -  j - tan-’ 
vO 
hl < h I ho 
(60) 




Vo = approach v e l o c i t y  
VT = touchdown v e l o c i t y .  
A I so, 
I 
V =  
0.0 
Consider t h e  f o l l o w i n g  example f o r  which: 
ho = 1500 f e e t  
yo = 2.5 degrees = 0.04363 radians 
b = 400 f e e t  
h i  < h <  ho 
( 6 2 )  
O I h 5 h l  
hl < h I ho 
(63) 
O l h < h ,  
Vo = 140 feet /sec 
= 90 feet/sec . vT 
S u b s t i t u t i n g  these i n  Equations (55) - ( 5 9 )  y i e l d s :  
hl = 17.45 f e e t  
L, = 33,958.57 f e e t  
k = 18,333.1 f e e t  (65) 
j = 34,758.19 f e e t  . 
0 
Eva lua t ing  Equation (62) ind ica tes  y i s  small  enough t o  be assumed zero 
everywhere. The r e s u l t i n g  t ime h i s t o r i e s  f o r  t h i s  example are presented i n  
F igure 20. A t  touchdown t h e  r a t e  of descent i s  less than 0.2 feet/second 
and t h e  f l i g h t  path angle i s  approximately zero. 
landing analys is ,  t h e  i n v e s t i g a t o r  might consider t h e  e f f e c t  o f  var ious 
approach and touchdown v e l o c i t i e s ;  the e f f e c t  o f  several  o t h e r  g l i d e  descent 
For a more complete 
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Figure  20. Time h i s t o r i e s  of several  parameters 
governing an example landing. 
angles and poss b ly ,  how t h e  v e h i c l e  responds f o r  f l a r e  a t  d i f f e r e n t  
a l t i t u d e s .  These p o s s i b i l i t i e s  ind ica te  t h e  f l e x i b i l i t y  w i t h  which t h i s  
s o l u t i o n  technique may be employed t o  conduct a landing ana lys is  o r  a study 
o f  o ther  performance c r i t e r i a  i n v o l v i n g  maneuvers. 
Since s t a t i c  p r e d i c t i o n s  are  on ly  spec ia l  cases o f  t h e  general in tegrated 
so lut ions,  i t  i s  i n t e r e s t i n g  t o  compare t h e  r e s u l t s  obtained by t h e  two 
methods. 
made f o r  d e r i v a t i o n  of t h e  s t a t i c  equations, t h e  computationai accuracy ani; 
t h e  e f f e c t s  of weight changes can be assessed. 
By s p e c i f y i n g  v a r i a b l e s  i n  a manner s i m i l a r  t o  t h e  assumptions 
F i r s t ,  t h e  maximum v e h i c l e  speed a t  any a l t i t u d e  i s  ca lcu la ted  by s imply 
s p e c i f y i n g  t h e  a l t i t u d e  as a constant and power as t h e  maximum a v a i l a b l e .  
The i n t e g r a t i o n  i s  terminated once the v e l o c i t y  has s e t t l e d  t o  a near constant  
value. Resul ts  a r e  presented i n  Figure 21 f o r  var ious a l t i t u d e s .  
Power 
H.P. 
240t Velocity (feet/sec) 
‘7 
20oL I I I . I 
0 4000 8000 12000 16000 20000 
Altitude (feet) 
F igure 21. Determination o f  maximum v e l o c i t y  as 
a func t ion  o f  a l t i t u d e .  
A t  sea level ,  Vma, was found t o  be 254 f e e t  per  second which agrees we l l  w i t h  
t h e  s t a t i c  approximations i n  Table 1. 
obtained by s p e c i f y i n g  power as Pbax and us ing a fami ly  o f  curves f o r  d i f f e r -  
e n t  constant  v e l o c i t i e s .  The macimum v e l o c i t y  would be t h e  e n t r y  f o r  which 
t h e  a l t i t u d e  remained constant ( h  = 0).  
T h i s  same r e s u l t  could have a l s o  been 
For a v e l o c i t y  g rea ter  t h a t  Vmax 
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( l e v e l  f l i g h t )  t h e  v e h i c l e  would d i v e  and a v e l o c i t y  less than Vmax would 
induce a c l i m b .  
Next, minimum power and t h e  v e l o c i t y  f o r  Pmin were determined a t  a 
p a r t i c u l a r  a l t i t u d e .  The s p e c i f i e d  v a r i a b l e s  were: ( 1 )  h equal a constant 
and ( 2 )  V as a constant incremented throughout a p l a u s i b l e  range. Each 
constant  v e l o c i t y  s o l u t i o n  produces on ly  one value f o r  Pmin i n  F igure 22. 
Power 
H.F? 
I 1 I I 
I 4 
60 70 80 90 100 I IO 
Velocity ( feethec)  
Figure 22. Determinat ion o f  Pmin and speed f o r  Pmin. 
The r e s u l t s  are for sea level  a l t i t u d e ,  b u t  t h e  process i s  e a s i l y  repeated 
a t  o t h e r  a l t i t u d e s .  As Figure 22 indicates,  t h e  minimum power was about 
37.0 hp (20,350 f t - lbs /sec)  w i t h  a corresponding v e l o c i t y  o f  97.0 f e e t  per 
second. These r e s u l t s  compare favorably  w i t h  those o f  Table 1. 
The maximum c l imb angle (ymax) and t h e  v e l o c i t y  f o r  Ymax were a l s o  
ca lcu lated.  
made constant f o r  each of several t r a j e c t o r i e s .  
corresponding t o  a p a r t i c u l a r  f l i g h t  path and i t s  s p e c i f i e d  v e l o c i t y  i s  then 
p l o t t e d  on Figure 23. The o v e r a l l  ymax i s  then se lected t o  be t h e  la rges t  
o f  those i n  Figure 23. I t s  associated v e l o c i t y  i s  then termed as t h e  
v e l o c i t y  f o r  maximum c l imb angle. 
(13.15 degrees) occurs a t  82 f e e t  per second, any v e l o c i t y  from 65 t o  110 
f e e t  per  second w i l l  produce a Ymax w i t h i n  one degree o f  t h e  absolute 
maximum. Thus, t h e  maximum c l imb angle i s  somewhat i n s e n s i t i v e  t o  v e l o c i t y  
changes over a r a t h e r  wide speed range. Even though, t h i s  i s  considered t o  
be t h e  maximum c l imb angle, la rger  f l i g h t  path angles may be obtained f o r  
s h o r t  per iods o f  t ime from an o s c i l l a t o r y  c l imb s i m i l a r  t o  t h e  phugoid 
motion described by F igure 18. 
Power was s p e c i f i e d  as t h e  maximum a v a i l a b l e  and v e l o c i t y  was 
The maximum c l imb angle 
Even though t h e  maximum f l i g h t  path angle 
However, an average over these o s c i l l a t i o n s  
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Figure  23. Determinat 
always y ie lds ,  a t  most, a mean c l  
on of ymax and speed f o r  ymax. 
. .  mb angle w i t h  magnitude equal t o  t h e  Ymax 
from F igure  23. P o i n t  performance estimates a r e  s i m i l a r  as i nd i ca ted  i n  
Table 1. 
To determine t h e  minimum v e l o c i t y  a t  an a l t i t u d e ,  power was spec i f i ed  
as t h e  maximum a v a i l a b l e  and v e l o c i t y  was again s e t  equal a d i f f e r e n t  constant  
f o r  each o f  several  paths. The i n i t i a l  a l t i t u d e  i s  designated as t h e  h e i g h t  
o f  i n t e r e s t  and t h e  equations,are in tegra ted  f o r  severc l  minutes t o  determine 
whether t h e  v e h i c l e  ascends (h  p o s i t i v e )  o r  descends ( h  negat ive) .  The 
v e l o c i t y  for zero r a t e  o f  c l imb i s  then t h e  minimum v e l o c i t y  f o r  t h e  a l t i t u d e  
of i n t e r e s t .  F igure  24 presents c a l c u l a t i o n  o f  Vmin a t  sea l eve l .  Th i s  
va lue o f  V m i p  agrees we l l  w i t h  t h a t  of Table 1 obta ined from p o i n t  perform- 
ance us ing  a pa rabo l i c  drag po la r .  Table 2 i l l u s t r a t e s  a more r e a l i s t i c  
minimum speed cor respond ing ' to  an improved drag po la r .  
T 
-1.0 - -  h 
(feet /sed 
. 
-3.0 I I I 
35 36 37 38 39 4 0  
Velocity (fee t/sec 1 
F igu re  24. Ca lcu la t i on  o f  minimum v e l o c i t y  f o r  leve l  f l i g h t .  
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F i n a l l y ,  c a l c u l a t i o n s  were made of abso lu te  and s e r v i c e  c e i l i n g s .  
Power was spec i f i ed  as the  maximum a v a i l a b l e .  
j e c t o r i e s  was ca l cu la ted  w i t h  each e n t r y  corresponding t o  a d i f f e r e n t  
spec i f i ed  constant angle of  a t tack .  Th is  i s  no t  meant t o  imply t h a t  t h e  
primary o b j e c t i v e  was t o  o b t a i n  absolute and se rv i ce  c e i l i n g s  as a func t i on  
o f  angle of  at tack.  
c r e a t i n g  a fami ly  of curves from which t o  choose t h e  maximums. 
p o i n t s  from each t c a j e c t o r y  were recorded i n  F igure  25. 
a l t i t u d e  a t  which h = 1.67 f t / s e c  and t h e  second was t h e  f i n a l  h e i g h t  a f t e r  
i n t e g r a t i n g  over 90 minutes o f  r e a l  t ime. The peak i n  t h e  lower curve Of 
F igure  25 i s  termed t h e  se rv i ce  c e i l i n g  and t h e  maximum of t h e  upper curve 
i s  c a l l e d  t h e  absolute c e i l i n g .  Since i n  a c t u a l i t y  t h e  v e h i c l e  w i l l  cont inue 
t o  c l imb  slowly as f u e l  i s  consumed, absolute and s e r v i c e  c e i l i n g  a r e  
associated w i th  a p a r t i c u l a r  weight. The t r a j e c t o r i e s  represented by 
F igure  25 used approximately 42 pounds of  fue l  i n  t h e  90 minute t r a j e c t o r y .  
The increase o f  100 t o  150 f e e t  i n  these values o f  absolute and se rv i ce  
c e i l i n g  as compared t o  those of Table 1 i s  a consequence of t h e  weight 
reduct ion.  
a re  153.6 f t / s e c  fo r  t h e  se rv i ce  c e i l i n g  and 158.0 f t / s e c  a t  absolute 
c e i l i n g .  These were l i kew ise  increased due t o  t h e  weight reduct ion.  
A f a m i l y  o f  90 minute t r a -  
Instead, a was merely a convenient parameter f o r  
Two a l t i t u d e  
The f i r s t  was t h e  
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Figure 25. Determinat ion o f  abso lu te  and s e r v i c e  c e i l i n g s .  
The preceding discussion of c a l c u l a t i o n  procedures for recovery of  
several s t a t i c  performance parameters i nd i ca tes  t h a t  v e l o c i t y  f o r  Ymax i s  
not c r i t i c a l  and discrepancies i n  o t h e r  parameters a r e  r e l a t e d  t o  weight 
var  1 a t  i ons . 
58 
The foregoing examples have demonstrated t h a t  i f  des i red t h e  path 
performance method can be used t o  recover t h e  usual s t a t i c  performance 
parameters. I n  add i t ion ,  t h i s  method can be used t o  determine t h e  per- 
formance o f  t h e  a i r c r a f t  dur ing  acce le ra t ing  f l i g h t  o r  i n  response t o  a 
complex schedule of  p i l o t  con t ro l  inputs. 
I n  passing, some comments may be made regard ing range performance a t  
"p rac t i ca  I speeds", i.e., those obtained a t  h igh  percents o f  ra ted  
horsepower. Table 5 shows i n a i  when OL : the range i s  reduced. 
I n  t h e  example g iven a = 3' r a t h e r  than 5.85 , c1 for  (L/DImaX. 
case, t h e  range i s  about 5% less. 
s p e c i f i c  f ue l  consumption i s  t h e  same a t  a l l  power s e t t i n g s  and engine 
speeds. As noted i n  Appendix H t h e  s p e c i f i c  f u e l  consumption may be as 
much as 1.4 t imes as h igh  a t  ra ted  power as a t  t h e  power requ i red  f o r  
maximum range. Thus, no t  on l y  does the a i r c r a f t  operate more i n e f f i c i e n t l y  
bu t  so does t h e  engine. By dropping back t o  about 75% power t h e  engine 
can be made t o  operate very near maximum e f f i c i e n c y  so t h a t  under these 
cond i t i ons  one must contend on ly  w i t h  aerodynamic i n e f f i c i e n c i e s .  A 
c a l c u l a t i o n  no t  discussed above was performed f o r  P = Pmax, h = 10,000 f t .  
a t  t h e  same s p e c i f i c  f u e l  consumption as used i n  t h e  cons t ruc t i on  of 
Table 5. The range was on ly  63% of t h a t  achieved by f l y i n g  a t  OL = ~L/D, 
so t h a t  a t  75% power one would expect a t  l eas t  a 255 decrease i n  
maximum range. 
decrease i n  maximum range. 
I n  t h i s  
Th is  c a l c u l a t i o n  assumes t h a t  t h e  
A t  maximum power one cou I d reasonab l y  expect a 55% 
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CONCLUDING REMARKS 
The estimation of many light aircraft performance characteristics has, 
as a result of the computer programs provided herewith, been reduced to a 
quick, inexpensive procedure. The programs require that the user supply 
estimates or experimental measurements of the lift and drag variations with 
ang!e c?f attack and the variation of power into the airstream as a function 
of speed and altitude. 
set of experimental points can be fit precisely by the program and utilized 
in the estimation. Similarly, the program can also fit and utilize arbitrary 
power data. 
CL with angle of attack and fuel flow with power, but these restrictions are 
not inherent in the method. A knowledgeable user can modify the programs 
without undue difficulty so that they will accept any type of variation he 
might wish to employ. The authors would be pleased to provide suggestions 
on how this might be accomplished to interested users. 
The drag data need noi be parabo l ic .  Any accurate 
As presently written the program assumes linear variations of 
The path performance programs provided with this work offer the user 
an opportunity to study many facets of the flight of light aircraft in 
addition to the equilibrium performance parameters. While the programs do 
not provide a rigorous method of finding the optimum path performance, they 
are sufficiently inexpensive to use that they can usually be employed by 
one with some understanding of the physical situation to arrive at paths 
indistinguishable from the optimal through a trial and error process. I t  
is felt that substantial flight time could be saved in evaluating new designs 
by using analytical solutions to indicate the paths of greatest interest. 
Ultimately, one would like to be able to specify just the vehicle 
geometry and its powerplant and have a program which will take this infor- 
mation and compute the vehicle's performance. 
with some discretion it will be possible to determine a configuration for 
optimum performance subject to the usual constraints of costs, fabrication 
techniques, passenger size, etc. Development of the necessary methods 
and programs for carrying out this procedure is planned for the near future. 
The programs presented in Reference 2 can then be used to compute the 
stability and riding qualities of the optimum performance configuration. 
If necessary, the configuration can be altered and the process repeated 
until the desired characteristics are achieved. 
By repeating the process 
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I i f t  





























load f a c t o r  (CL/C,) or engine speed i n  r e v o l u t i o n s  
per  minute 
1 
engine speed i n  r e v o l u t i o n s  p e r  second o r  load f a c t o r  
(cyc,, 
power a c t u a l l y  pu t  i n t o  t h e  airstream, sometimes c a l l e d  
t h r u s t  horsepower, < . e . ,  t h r u s t  X v e l o c i t y  
rad ius  of c i r c u l a r  a r c  t raversed i n  descending from 
an a l t i t u d e  of 50 f e e t  t o  touchdown 
engine speed i n  r e v o l u t i o n s  per  minute 
wing area or  distance 
t h r u s t  or  minimum t ime t o  c l imb 
t ime 
maximum t h r u s t  horsepower 
v e l o c i t y  I 
weight 
h o r i z o n t a l  d istance t r a v e l e d  
angle of a t tack  
angle of a t tack  f o r  maximum l i f t  t o  drag r a t i o  
sides1 i p  angle 
increment i n  t ime 
f l i g h t  path angle i n  t h e  v e r t i c a l - h o r i z o n t a l  p lane 
(see F igure B-1) 
propel  l e r  e f f i c i e n c y  
c o e f f i c i e n t  of f r i c t i o n  
3.14159 
densi ty  of a i r  
densi ty  of  a i r  a t  sea leve l  
p/p,, r a t i o  of dens i ty  of  a i r  a t  an a l t i t u d e  t o  t h e  
densi ty  a t  sea leve l  
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9 











Z L  
50 
0 
f l i g h t  path angle i n  t h e  ver t ica l -co-normal  p lane 
(see F igure  B-1) 
f I i g h t  path angle i n  the  hor izontal-co-normal *plane 
(see F igure  8-11 
a p p roach 
brak ing  
ground run 
I i f t - o f f  
max i mum 
minimum 
normal t o  f l i g h t  path 
t a  ke-of f 
touchdown 
wind 
zero I i f t  
an a l t i t u d e  o f  50 f e e t  
take-of  f 
A do t  over a q u a n t i t y  denotes t h e  t ime d e r i v a t i v e  of t h a t  q u a n t i t y .  
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APPENDIX B - Derivation of General Performance Equations 
Those undertaking t h e  es t imat ion  o f  a i r c r a f t  performance c h a r a c t e r i s t i c s  
for  t h e  f i r s t  t ime w i l l  u s u a l l y  f i n d  i t  i n s t r u c t i v e  t o  review t h e  t h e o r e t i c a l  
bas is  o f  t h e  methodology. 
connotes such t h i  ngs as "how f a s t  w i  I I it go?", "how long w i  I I it take t o  
g e t  t o  10,000 feet", etc., he r e a l i z e s  t h a t  he i s  asking quest ions about 
t h e  motion o f  t h e  a i r c r a f t  under c e r t a i n  c o n s t r a i n t s .  The c l a s s i c a l  means o f  
descr ib ing  t h e  mot ion o f  a r i g i d  body i n  space i s  t.hroiigh s o l u t l m s  c f  the  
equat ions of motion, mathematical statements o f  Newton's Second Law of Motion. 
I t  i s  n o t  s u r p r i s i n g  t h a t  t h e  same equations a r e  a l s o  used t o  study t h e  
s t a b i l i t y  o f  t h e  motions, t h e  problem u s u a l l y  termed t h e  dynamics o f  t h e  
a i rp lane.  The study of a i r c r a f t  performance, then, can be considered as one 
view of t h e  general problem o f  a i r c r a f t  motions w h i l e  t h e  study of s t a b i l i t y  
and c o n t r o l  s imply views t h e  same problem i n  another l i g h t .  The d i f f e r e n c e  
i n  t h e  two views, as w i l l  become c l e a r  from t h e  development below, i s  
p r i m a r i l y  one o f  t i m e  scale. S t a b i l i t y  and c o n t r o l  ana lys is  i s  concerned 
w i t h  t r a n s i e n t  disturbances from an e q u i l i b r i u m  motion. The disturbances 
of  i n t e r e s t  u s u a l l y  have per iods of less than 30 seconds. Performance 
a n a l y s i s  on t h e  o t h e r  hand, i s  concerned p r i m a r i l y  w i t h  quas i -equ i l ib r ium 
f 1 i gh t .  Further,  t h e  p e r i o d  o f  i n t e r e s t  general l y  exceeds 30 seconds. 
Thus, t h e  f o l l o w i n g  development proceeds i n  roughly t h e  same fashion as t h e  
development o f  t h e  s t a b i l i t y  equations. The p o i n t s  o f  depar ture and 
d i f f e r e n c e  are  noted. 
I f  one considers t h a t  t h e  word performance 
To begin, make t h r e e  assumptions: 
Assumption 1 .  The e a r t h  and i t s  atmosphere are  f l a t  and non- 
r o t a t i n g .  There i s  no motion of t h e  atmosphere 
w i t h  respect t o  t h e  ear th .  
w i t h  respect t o  a Car tes ian coord inate system 
f i x e d  i n  t h e  ear th 's  atmosphere are  t h e r e f o r e  
t r u e  accelerat ions i n  i n e r t i a l  space. 
Accelerat ions measured 
Assumption I I .  The mot ion of i n t e r e s t  i s  t h a t  of t h e  a i r c r a f t ' s  
center  o f  g r a v i t y  on ly .  Other motions, f o r  
example r o t a t i o n  about t h e  center  of g r a v i t y ,  
a re  o f  i n t e r e s t  on ly  i n s o f a r  as they a f f e c t  t h e  
t r a n s l a t i o n a l  motion of t h e  center  o f  g r a v i t y .  
Assumption I l l .  While t h e  mass o f  t h e  a i r c r a f t  does n o t  remain 
constant w i t h  t ime t h e  change i n  momentum 
associated w i t h  t h e  fue l  mass e jec ted  w i t h  
t h e  engine exhaust may be neglected i n  
computing t h e  motion o f  t h e  a i r c r a f t .  
As a consequence of these assumptions one may descr ibe t h e  a i r c r a f t  as a p o i n t  
mass and i t s  motion by t h r e e  equations: 
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I F x  = Max 
Y 
CF = Ma 
Y 
(B-1) 
CFz = MaZ . 
Th is  i s  i n  c o n t r a s t  t o  s t a b i l i t y  ana lys i s  where t h e  motions o f  t he  
a i r c r a f t  about i t s  cen ter  of g r a v i t y  a re  o f  g rea t  i n t e r e s t  and requ i re  t h e  
i n c l u s i o n  o f  the body's th ree  r o t a t i o n a l  degrees o f  freedom. On t h e  o the r  
hand, t h e  t ime frame t r e a t e d  by s t a b i l i t y  ana lys i s  i s  s u f f i c i e n t l y  sho r t  t h a t  
t h e  mass can be considered t o  be constant.  
We taka as our  coord inate system an x-ax is  p a r a l l e l  w i t h  t h e  ea r th  
and po in ted  i n  t h e  d i r e c t i o n  o f  motion a t  t h e  beginning o f  t he  t ime  o f  
i n te res t ;  a y-ax is  po in ted  t o  the  r i g h t  o f  t h e  d i r e c t i o n  o f  motion; and a 
z-ax is  po in ted  s t r a i g h t  down. I n  con t ras t  w i t h  s t a b i l i t y  ana lys i s  where t h e  
a x i s  system ro ta tes  w i t h  t h e  a i r f rame t h i s  a x i s  system, once chosen, remains 
f i x e d  w i t h  t i m e .  I n  t h i s  system t h e  a i r c r a f t  v e l o c i t y  has th ree  components: 
i = v cos y cos J, . 
y = V s i n  I/.J cos y 
h = -  V s i n  y 
0 
y and J, are  f l i g h t  path angles as def ined i n  F igure  B-1. 
S u b s t i t i o n  o f  Equations (8-2) i n t o  (B-1) y i e l d s  
0 . . 
CFx = M ( V  cos y cos J, - V y  s i n  y cos I/.J - VJ, cos y s i n  $1 
CF = M ( V  s i n  J, cos y + VJ, cos y cos J, - V y  s i n  y s i n  $1 
0 . 0 
Y . . 
CF, = M ( - V  s i n  y - V y  cos y) . 
Assumption I V .  The forces a c t i n g  on the  a i r c r a f t  are l i f t ,  drag, 
t h rus t ,  and weight. The l i f t  ac ts  normal t o  




assuming t h a t  'the angle o f  a t t a c k  i s  always smal l .  
s t range t h a t  the ana lys i s  employs expressions which prov ide  accurate repre- 
senta t ions  of  the l i f t  and drag t o  large angles of a t tack .  Th is  p r a c t i c e  i s  
j u s t i f i e d  because ( 1 )  l i g h t  a i r c r a f t  genera l l y  have i n s u f f i c i e n t  power t o  
operate cont inuously  a t  very h igh  angles o f  a t tack ,  ( 2 )  l i g h t  a i r c r a f t  a r e  
usua l l y  powered by p i s t o n  engines and unshrouded p r o p e l l e r s  which makes it 
d i f f i c u l t  t o  asser t  t h a t  t h e  t h r u s t  always ac ts  p a r a l l e l  t o  t h e  wing chord, 
p a r t i c u l a r l y  a t  la rge  angles o f  ?tack and (3) i t  i s  a s imple mat te r  t o  
s u b s t i t u t e  expressions such as T cos a f o r  T and L '  + T '  s i n  a f o r  L i n  t h e  
equat ions wi thout  m a t e r i a l l y  a f f e c t i n g  t h e  method o f  s o l u t i o n  o r  t h e  computa- 
t i o n  time. The e f f e c t  of power a t  angle o f  a t t a c k  i s  t r e a t e d  n considerable 
d e t a i l  I n  sec t ion  5.0 of Reference 13. 
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Assuming the t h r u s t  t o  a c t  a long t h e  f l i g h t  path i s  equ iva len t  t o  
I t  may t h e r e f o r e  seem 
p a r a l l e l  t o  t h e  f l i g h t  path, and t h e  weight 
a c t s  along the p o s i t i v e  z-axis. There i s  
never a s i d e  force. T h i s  imp l ies  t h a t  t h e  
a i r c r a f t  i s  symmetrical and i s  never yawed 
w i t h  respect t o  the f l i g h t  path (6  i s  always zero) .  
With t h i s  assumption, t h e  l e f t  hand side o f  Equations (8-3) can be w r i t t e n  
CF, = (T - D) cos y cos 3, - L ( s i n  y cos Cp cos 3, + s i n  3, s i n  Cp) 
CFy = (T - D) s i n  3, cos y - L ( s i n  $ s i n  y cos Cp - s i n  Cp cos 3,) 




Cp i s  a f l i g h t  path angle a l s o  def ined i n  F igure B-1. 
Comb i n i ng (8-3) and (8-41, one obta ins  
(T - D) cos y cos 3, - L ( s i n  y cos Cp cos 3, + s i n  $ s i n  $1 = 
M ( V  cos y cos 3, - Vy s i n  y cos 3, - V3, cos y s i n  3,)  
e 
(T - D) s i n  3, cos y - L ( s i n  I) s i n  y cos Cp - s i n  Cp cos JI 1 = 
M (t s i n  JI cos y + V+ cos y cos 3, - vi. s i n  y s in$ 1 
(B-5 1 
- (T - D) s i n  y - L cos Cp cos y + W = 
M (-i s i n  y - V; cos y) . 
These equat ions prov ide  t h e  most general d e s c r i p t i o n  o f  t h e  motion o f  
an a i r c r a f t  acted upon by L, D, T, and W. Although t h e  a i r c r a f t  i s  thought  
of as a p o i n t  mass, t h e  magnitudes of t h e  l i f t  and drag forces a r e  considered 
t o  depend upon a, t h e  i n c l i n a t i o n  o f  t h e  a i r c r a f t  t o  t h e  f l i g h t  path. 
Assumption V. Motions of i n t e r e s t  l i e  e n t i r e l y  w i t h i n  t h e  x-z 
plane. Cp and JI are  t h e r e f o r e  zero. 
T h i s  o f  course ignores p o s s i b l e  i n t e r e s t  i n  t u r n i n g  f l i g h t ;  however, as a 
consequence o f  Assumption V, Equations (8-5) s i m p l i f y  e a s i l y  t o  
(T - D) cos y - L s i n  y = M ( V  cos y - Vy s i n  y) 
(8-6) 
- ( T - D )  s i n y - ~ c o s y + ~ = W  ( -V  s i n  y - Vy cos y) . 
9 
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M u l t i p l y i n g  the f i r s t  equat ion o f  (8-6) by COS y and t h e  second by - s i n  y 
g i ves 
w -  
9 ( 8-7 1 
(T  - DI cos' y - L s i n  y cos y = -(v cos' y - vi. s i n  y cos y) 
W (T - D) s in '  y + L s i n  y cos y - w s i n  y = tO s in '  y+v j l  cos y s i n  y) . 
Adding t h e  two equat ions one ob ta ins  
( 8-8 1 w -  
9 
(T  - D)  - W s i n  y = - V  . 
M u l t i p l y i n g  the f i r s t  equat ion of  (8-6) by s i n  y and t h e  second by cos y 
y i e l d s  
w -  
9 (T  - D) cos y s i n  y - L s in '  y = - ( V  cos y s i n  y - vy s in '  y) 
- (T  - D) s i n  y cos y - L cos2 y + w cos y = - (-v s i n  y cos y - vy cos' y) 
(B-9) w e  
9 
Adding these two equations, one ob ta ins  
Equat 
t h e  I 
quant 
f o r  p 
(B-10) w *  - vy = L - w cos y. 9 
on (8-8) and (B-10) are j u s t  s impler  equiva lents  o f  (8-6). By w r i t i n g  
f t  and drag forces i n  the  equat ions i n  terms o f  t h e  usual aerodynamic 
t i e s  and t h e  t h r u s t  i n  terms of t h e  power which i s  more appropr ia te  
s t o n  engine a i r c r a f t ,  (8-8) and (B-10) become f i n a l l y  
(B-11) 
(8-12) 
The reader w i l l  now observe t h a t  we have chosen t o  descr ibe quasi-steady 
a i r c r a f t  motions by two f i r s t -o rder ,  non-l inear, o r d i n a r y  d i f f e r e n t i a l  
equations. The dependent v a r i a b l e s  i n  these equat ions are  P, V, y, W, a, 
and h, w h i l e  the independent v a r i a b l e  i s  t ime. Thus t o  o b t a i n  a determinant 
system, one must supply f o u r  a d d i t i o n a l ,  independent r e l a t i o n s h i p s  i n v o l v i n g  
t h e  dependent var iab les.  One such r e l a t i o n s h i p  f o l l o w s  immediately from a 
d e f i n i t i o n  o f  the r a t e  of c l imb:  
L = ~ s i n y  .
Assumption V I .  The f u e l  f low r a t e  i s  d i r e c t l y  p ropor t iona 
t o  t h e  power developed by t h e  engine. Whi 
no t  s t r i c t l y  t rue,  most engines have a reg  
around c r u i s e  power where t h e  s p e c i f i c  fue  
consumption i s  near ly  constant ,  The prope l e r  







As a r e s u l t  o f  t h i s  assumption one may w r i t e  
r e  l a t i  onsh i p: . 
w = - C P  . 
I f  necessary, c can be general ized. For t u r b o j e t  
i s  approximately p ropor t i ona l  t o  t h r u s t  output .  
a second a u x i l l a r y  
(8-14) 
a i r c r a f t  t h e  f u e l  f l ow  
Unfor tunate ly ,  no o the r  general re la t i onsh ips  among the  dependent 
var iab les  a r e  knnwn, 
h i s t o r i e s  o f  two o f  t h e  dependent var iab les  i n  o rder  t o  o b t a i n  Uniqiiz ;z!u- 
t i o n s  t o  t h e  system o f  equat ions.  This  s i t u a t i o n  i s  f a m i l i a r  t o  p i l o t s  who 
r e a l i z e  t h a t  t h e  a i r c r a f t ' s  t r a j e c t o r y  i s  dependent upon the  v a r i a t i o n  o f  
e l e v a t o r  p o s i t i o n  (speed) and power s e t t i n g  w i t h  t ime. The p i l o t  a l s o  
recognizes t h a t  changing t h e  weight and opera t i ng  a l t i t u d e  a l s o  changes t h e  
power s e t t i n g  and e leva to r  angle one must employ t o  f l y  a g iven path or,  
conversely, f o r  a g iven power s e t t i n g  and e l e v a t o r  angle, it changes t h e  
path one f l i e s .  With s i x  va r iab les  there a r e  15 d i f f e r e n t  combinations one 
may use t o  p rov ide  t h e  two a d d i t i o n a l  c o n s t r a i n t s  needed. I n  view of  
Equation (8-141, however, power and weight cannot be s p e c i f i e d  independently. 
Th i s  leaves a t o t a l  o f  14. 
I t  i s  t h e r e f o r e  necessary t o  spec i f y  a pr ior4  t ime  
Equations (6-11) and (8-12) conta in  i n  a d d i t i o n  th ree  i m p l i c i t  f unc t i ons  
which must be prov ided i f  numerical values are  t o  be obtained. The f u n c t i o n  
p(h)  i s  o f  course t h e  v a r i a t i o n  o f  densi ty  w i t h  geometric a l t i t u d e .  Th is  i s  
taken as 
p (h )  = ~ ~ ( 1 . 0  - 6.86 10-6h)4*26.  (8-15) 
The func t i ons  C (a) and C D ( ~ )  depend f o r  t h e i r  values upon t h e  a i r c r a f t  c whose t r a j e c t o r i e s  a re  desired. 
Lmax' 
i s  u s u a l l y  adequate t o  employ 
Although a t h i r d  o rder  o r  h igher  polynomial 
i t  wou I d  be requ i red  t o  represent  C ~ ( a 1  f o r  a l  I a from - CL,~ t o  4- c 
Since t h e  system o f  equat ions 
STALLF LAPS UP f o r  a l l  speeds above 1.2 V 
must be solved by a forward i n teg ra t i on  technique i n  any event, it does n o t  
add s i g n i f i c a n t l y  t o  t h e  o v e r a l l  computational complexi ty t o  choose a h igher  
o rder  f u n c t i o n  t o  represent  C L ( ~ )  i f  t h i s  should appear des i rab le .  S i m i l a r  
comments can be made w i t h  respect t o  C g ( a ) .  I t  i s  usua l l y  represented by 
(8-17) 
a l though more e labora te  desc r ip t i ons  may be used. 
k [ C ~ ( a ) ] k 2  w i  I I permi t  one t o  represent t h e  drag c o e f f i c i e n t  a t  h igh  angles 
The a d d i t i o n  o f  a term 
o 1 a t t a c k  approaching s t a l  I q u i t e  accurately.  
One f i n a l  p r a c t i c a l  c o n s t r a i n t  must a l s o  be observed: t h e  power requ i red  
du r ing  any p o r t i o n  of t h e  f l i g h t  cannot exceed t h e  maximum power a v a i l a b l e  
f o r  t h a t  speed and a l t i t u d e .  Thus i f  one o f  t h e  s p e c i f i e d  va r iab les  i s  n o t  
power one must always t e s t  t he  computed power requ i red  t o  insure  t h a t  
75  
P S Pmax (h,V) . (B-18) 
Equations (B-11)  through (8-181, c o l l e c t e d  below f o r  convenience, 
0 
h = V s i n  y 
w = - C P  
. 
p ( h )  = po (1.0 - 6.86 10 -6h )4*26  
c p  = c ( a )  + CL 
La a=O 
P 5 P (h,V) 
ma x 
(B-19) 
p lus  t h e  i n i t i a l  cond i t i ons  o f  a l l  s i x  dependent va r iab les  prov ide  a complete 
func t ions .  The f o r c i n g  func t ions  w i l l  t ake  t h e  form o f  t ime  h i s t o r i e s  of 
any two dependent var iab les,  f o r  example V and h o r  P and a. 
chosen a r b i t r a r i l y ,  bu t  i f  one wishes t o  o b t a i n  so lu t i ons  which represent  
the  optimum performance it i s  necessary t h a t  he op t im ize  t h e  form o f  t h e  
two va r iab les  most appropr ia te  t o  t h e  parameter being determined. Unfor-  
tunate ly ,  i t  i s  n o t  poss ib le  t o  prove t h a t  t h e  two t ime h i s t o r i e s  chosen do 
i n  f a c t  opt imize the  p a r t i c u l a r  performance parameter. Only by comparing 
t h e  s o l u t i o n s  o f  (8-19) obta ined by app ly ing  var ious  p h y s i c a l l y  meaningful 
and r e a l i z a b l e  t ime h i s t o r i e s  o f  t h e  two most appropr ia te  va r iab les  can a 
p r a c t i c a l  optimum be demonstrated. Th is  s o l u t i o n  procedure i s  discussed 
i n  d e t a i l  i n  the path performance sec t ion .  
I d e s c r i p t i o n  of t he  motion o f  t he  a i r c r a f t  c.g. i n  response t o  a s e t  o f  f o r c i n g  
These may be 
~ 
I t  may be remarked i n  passing t h a t  w h i l e  the  procedure o u t l i n e d  above 
f o r  determining how t o  f l y  t h e  a i r c r a f t  t o  o b t a i n  the  bes t  poss ib le  va lue of  
each performance parameter o f  i n t e r e s t  i s  t h e  most r i go rous  known, it i s  
p r a c t i c a l  on ly  w i t h  the  use o f  a large, high-speed d i g i t a l  computer. I t  i s  
f o r  t h i s  reason t h a t  t he  so-ca l led s t a t i c  o r  p o i n t  performance parameters 
came i n t o  general use i n  t h e  years be fore  t h e  a v a i l a b i l i t y  o f  e l e c t r o n i c  
computers. These procedures, developed from Equat ions (6-19) assuming t h a t  
t h e  dependent var iab les  do n o t  chanqe w i t h  time, a re  discussed i n  d e t a i l  i n  
equat ions o f  (B-19) a re  d i f f e r e n t i a l  equations, t h e  s t a t i c  performance 
equat ions are  a l l  a lgebra ic  and the re fo re  much eas ie r  t o  so lve.  Even so, 
eva lua t i on  o f  some o f  t h e  s t a t i c  performance parameters invo lves  s o l u t i o n  
of  a q u a r t i c  equat ion o r  even simultaneous s o l u t i o n  o f  a p a i r  o f  q u a r t i c  
equat ions.  T r a d i t i o n a l l y ,  such problems have been so lved g r a p h i c a l l y .  I n  
t h e  present  work t h e  problems a r e  solved numer ica l l y  through the  use o f  
d i g i t a  I computer programs. 
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I t h e  s t a t i c  performance sec t ion .  Note, however, t h a t  whereas t h e  f i r s t  two 
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APPENDIX C - Point Performance Program 
User Instructions 
The program i s  w r i t t e n  i n  FORTRAN I V  and i s  designed t o  run i n  double 
p r e c i s i o n  on an IBM 370-165 computer w i t h  an average execut ion t ime o f  1.5 
seconds. 
and requ i res  t h e  s p e c i f i c a t i o n  of t h e  f o l l o w i n g  i n p u t  data: 
This program evaluates s t a t i c  performance o f  a p a r t i c u l a r  a i r c r a f t  
( 1 )  The number N o f  power a v a i l a b l e  versus v e l o c i t y  data p o i n t s  t o  be 
speci f ied;  t h e  c o n t r o l  parameter ISUP which designates whether 
the  engine i s  supercharged (ISUP = 1 )  o r  unsupercharged ( ISUP = 0 ) ;  
and t h e  reference a l t i t u d e  HREF ( f e e t )  which i s  t h e  a l t i t u d e  a t  
which t h e  power versus v e l o c i t y  data p o i n t s  a re  obtained ( f o r  a 
supercharged a i r c r a f t  HREF must be sea level  i n  t h i s  program); 
(2 )  The N data p o i n t s  o f  maximum power a v a i l a b l e  PA ( f o o t  pounds per  
second) versus v e l o c i t y  V ( f e e t  per second) w i t h  one data p o i n t  
per card, power s p e c i f i e d  f i r s t ;  
(3 )  The f o u r  c o e f f i c i e n t s  CDO, C D I l ,  CDI2, and D o f  t h e  general drag 
po la r  which has t h e  form CD = CDO + CD11*CL2 + CD12*CLD, and t h e  
w i n g  area S upon which t h e  l i f t  and drag c o e f f i c i e n t s  a re  based; 
( 4 )  The a i r c r a f t  weight W (pounds), t h e  i n i t i a l  a l t i t u d e  H I  ( f e e t )  a t  
which a l l  performance c a l c u l a t i o n s  are  made and a f i n a l  a l t i t u d e  
HF ( f e e t ) .  I f  a minimum t ime t o  c l imb schedule and a most 
economical c l imb schedule from H I  t o  HF, i n  increments o f  100 
feet,  a re  des i red then HF must be grea ter  than H I .  I f  no 
schedule i s  des i red HF must be zero. 
Statements ( 1 )  through (4) represent a complete s e t  o f  data f o r  a p a r t i c u l a r  
a i r c r a f t .  Table C-1 g ives t h e  format s p e c i f i c a t i o n  for t h i s  data. 
Upon completion o f  t h e  performance c a l c u l a t i o n s  w i t h  a given s e t  of 
data t h e  program r e t u r n s  t o  t h e  statement where W ,  H I ,  and HF are  read. I n  
a d d i t i o n  t o  spec i fy ing  t h e  a i r c r a f t  weight, t h e  v a r i a b l e  W i s  used as a data 
i n p u t  c o n t r o l  parameter which permi ts  t h e  user t o  analyze t h e  same a i r c r a f t  
f o r  several  d i f f e r e n t  values o f  W, H I ,  and HF and/or analyze a completely 
d i f f e r e n t  a i r c r a f t .  
f o l l o w i n g  opt ions:  
The use o f  W as a c o n t r o l  parameter o f f e r s  t h e  
( 1 )  I f  W i s  p o s i t i v e  when t h e  new values o f  W, H I ,  and HF a r e  read 
t h e  program y i e l d s  a new s e t  o f  performance c a l c u l a t i o n s  us ing 
t h e  o r i g i n a l  drag p o l a r  and power versus v e l o c i t y  curve. 
given power curve and drag p o l a r  t h e  user may exerc ise  t h i s  o p t i o n  
as many times as desired. 
For a 
(2 )  I f  W i s  zero t h e  program r e t u r n s  t o  t h e  f i r s t  read statement $0 
obta in  a complete s e t  o f  data f o r  a new a i r c r a f t .  Using t h i s  
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o p t i o n  t h e  user may analyze as many d i f f e r e n t  a i r c r a f t  as he 
des i res. Note t h a t  op t ions  ( 1 )  and (2 )  may be used together  
(see example discussed below). 
( 3 )  I f  W i s  negat ive t h e  program terminates.  Thus, t h e  f i n a l  data 
card for  any computer run  must have a negat ive va lue for  W .  
The example data s e t  g iven i n  Table C-2 u t i l i z e s  a l l  t h r e e  o f  t h e  o p t i o n s  
presented above. Using t h i s  data t h e  program c a l c u l a t e s  two s e t s  of per-  
formance c h a r a c t e r i s t i c s  for  each of t h e  two ~ l r c r a f t  spec i f ied .  
ou tpu t  f o r  t h e  Cessna 182 i s  presented a f t e r  t h e  program l i s t i n g .  
A sample 
Table C-1. Format s p e c i f i c a t i o n  f o r  inpu t  data. 
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l 1 1 1 1 1 1 l l 1 l l  
1 1 1 1 1 1 I 1 1 1 I I  
1 1 1 1 1 1 1 1 1 1 1 1  
1 1 1 l 1 1 1 1 1 1 1 1  
4 4 4 d k k 4 4 k k k 4  
111111111111 
1 1 1 1 1 1 0 1 1 1 l  
1 1 1 l l 1  
I I l l I I  
1 1 1 1 1 1  
l l l l l l  




1 1 1 1 1  
1 2 1 1 1  
11113  




1 1 1 1 1 1  
1 1 1 1 1 2  
1 l 1 1 1 1  
4 4 k 4 k k  
111111 
111111 
1 1 I l 1 1 1 I I 1 I  
1 1 1 1 1 1 1 1 1 1 2  
11111111111 
k 4 4 4 4 4 4 1 4 k k  
11111111111 
I 1 1 1 1 1 1 1 1 1 1  
I I I I I I I I I I I I I  
2 1 1 1 1 1 1 1  
l l l l 1 1 1 1  
k 4 k 4 k k k  
1111111 
Illlllll 
1 1 1 1  
1 1 1 1  
I 1 1 1  
( ( 4 4  
1 1 1 1  
1111 
COMPUTING CENTER 
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  1 1 1 1 1 1 1 1 1 i 1 1 1  
1 1 1 1 1 1 1 1 1 1 1 1 1 l l 1 1 1 l 1 l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l l  \ T I  I I I I I I I I I I I I I I I 
Table C-2. Example data s e t  fo r  p o i n t  performance program. 
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Sample Outpuf 
H I F T I  
0.0 





















POWER A V A I L A B L E  VS. VELOCITV 
REFERENCE ALTITWE - 0.0 FEET 
P A I F T - L B S I S E C )  V I F T I S E C I  
0.0 0.0 
0.291500 OS 0.273300 02 
0.s24700 os 0.S46700 02 
0.699600 OS 0.020000 02 
0.816200 05 0.109330 03 
0.874SOO OS 0.136610 03 
0.909400 05 O.lb400C 03 
0.944460 OS 0.191330 03 
0.9S86SO OS 0.210610 03 
a.967700 os 0.246000 03 
0.973610 05 0.273330 03 
0.979440 O S  0.300610 03 
0.9941CO OS 0.320000 03 
0.9947CO os 0.311330 03 
0.994100 OS 0.382660 03 
A I R C R A F I  CHARACTERISTlCS 
CO 0.268000-01 O.S4242O-OI*CL**2 + 0.171S10-01~L** 0.650000 01 
WING ALFA - 0.114COO 03 W.FT WEIGHT - 0.26S000 04 L I S  
MINIMUM LEVEL F L I G H T  SPEEO * 0.904650 02 F T l S E C  
I F 1  COEFFICIENT - C.IS6380 01 DRAG C O E F F I C I E N T  I 0.404180 00 
MAXIMUM LEVEL F L I G H T  SPEEO - 0.252S70 03 F T I S E C  
I F 1  COEFFICIENT - 0.200tzD 00 DRAG COEFFICIENT * 0.290630-01 
MAXIMUM c L i M e  ANGLE - O.IOZZOD 02 OEG 
VELOCITY FOR MAXIMUM C L I M B  ANGLE - 0.117IOC 03 F T I S E C  
I F 1  COEFFICIENT - C.9333110 00 ORAG C O E F F I C I E N T  * 0.854750-01 
V E L O C I I Y  FOR MAXIMUM EMOURANCE 0.125110 03 F T I S E C  
POWER FOR MAXIMUM ENDURANCE - 0.215450 OS F l - L I S I S E C  
L I F T  COEFFICIENT - 0.809050 00 DRAG C O E F F I C I E N T  * 0.669610-01 
VELOCITV FOR CLASSICAL MIXIMUM 
L I F T  COEFFICIENT - G.634230 00 RANGE - 0.1420SO DRAG C O E F F l C l E h T  03 F T I S E C  - 0.49619041 
SERVICE C E I L I N G  * 0.194420 05 F T  
L I F T  COEFFICIENT - 0.164240 00 ORAC C O E F F I C I E N T  I n.616530-01 
AlSOLUTE C E I L I N G  - 0.212360 05 FT 
VELOCITY A T  ABSOLUTE C F l L l N G  0.180230 0 3  F T I S E C  
L I F T  COEFFICIENT - C.17QS6D 00 DRAG C O E F F I C I E N T  - 0.623400-01 
VELOCITY AT SERVICE C E I L I N G  I 0.115S40 03 F T I S E C  
IIAXIMUM R A T E  O F  C L I M B  SCHEDULE FROM 0.0 
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0.1392SO 03 
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o.i4iisD a i  
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0.141820 02 0.14SSkO C3 
0-142330 02 0.146430 03 
0.136I70 02 0.141340 03 
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ECCNOMICAL R A T E  OF CLIMB SCHEDULE FROM 0.3 
R I C I F T I S E C I  
0.221090 0 2  
0.215140 0 2  
0.209220 a 2  




0.179970 0 2  
0.174200 0 2  
0.1604SO 02 
0.162720 02 
C - 1 5 7 0 2 0  02  
0.15135C 0 2  
0.145700 02 
C.14OC70 0 2  
0 .134470  02 
0.128900 0 2  
C.123310 02  
0.117820 0 2  
0.112320 0 2  
0.lObekC 02  
V I F T I S E C  I 
0.128970 03  
0.1291160 03 
0.130750 03  
0.131660 01 
0.132580 0 3  
0.133510 03 
0 .134450  03 
0.135410 03 
0.136390 03  
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M A X I M U M  R I C .  POWER AVAlLA8LE. C POWR R E P U l l E O  V S  V E L O C I T Y  
AT 0.0 F T  
0.211210 0 2  
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0.190230 02 














0.170000 0 3  
0.180000 0 3  
0.175210 02 0.943170 OS 0.478810 05 0.190000 03 
O.IS6070 0 2  0.951COD 05 0.531410 05 0.200000 03 
0.133030 0 2  0.9S5690 OS 0.6031SO 05 0.210000 03 
0.106710 02 0.959090 os 0.616320 05 0.220000 03 
C.174840 01 0.962S60 OS 0.7S7200 05 0.23000C 0 3  
0.452220 01 0.965920 OS 0.146080 05 0.24OOOC 03 
0.968740 00 0.968910 05 0-943240 OS O.ZS0000 03 














0.6 3OOSO-0 1 
0.630470-01 
0.630840-01 
0.6 3 1  160-01 
0.631440-01 
0.631660-01 




APPENDIX D - Path Performance Program 
User Instructions 
The program i s  w r i t t e n  i n  FORTRAN I V  and i s  designed f o r  execut ion i n  
double p r e c i s i o n  on an IBM 370/165. For convenient descr ip t ion ,  t h e  program 
i s  d i v i d e d  i n t o  f i v e  p a r t s  as fo l lows:  
( 1 )  Main l ine - T h i s  sec t ion  handles o v e r a l l  program cont ro l ,  reads a l l  
input data, conver ts  t h e  v a r i a b l e  u n i t s  so t h a t  they are  cons is ten t  
f o r  execut ion b u t  convenient for input  and output .  Based on t h e  
i n i t i a l  input,  it ad jus ts  t h e  va lue o f  sea level  dens i ty  so t h a t  
f o r  t h e  f i r s t  p o i n t  l i f t  equals weight t o  w i t h i n  maximum machine 
accuracy. 
accurate values of y and y. I f  an adjustment i n  po o f  more than 
5% i s  needed, t h e  input  data i s  considered i n c o n s i s t e n t  and 
execution stops. Therefore, t h e  user should always a d j u s t  t h e  
input  data so t h a t  l i f t  and weight are i n i t i a l l y  equal. The 
main l ine a l s o  p r i n t s  o u t  t h e  in tegra ted  s o l u t i o n  and t e s t s  t h e  
r e s u l t s  f o r  v a r i a b l e s  exceeding upper o r  lower l i m i t s .  
T h i s  i s  necess?ry for subsequent c a l c u l a t i o n s  t o  y i e l d  
(2 )  Subroutine SPLINE - Th is  subrout ine prov ides maximum power ava i lab le ,  
as a f u n c t i o n  o f  a h and V, f o r  use i n  t e s t i n g  t h e  ca lcu la ted  
power or poss ib ly  as an i n p u t  when power i s  s p e c i f i e d  as Pmax. A 
d e t a i l e d  d e s c r i p t i o n  o f  t h e  s p l i n e  procedure and c a l c u l a t i o n  o f  
Pma,(h,V) i s  given i n  t h e  s e c t i o n  e n t i t l e d  Computer izat ion 
Procedure f o r  P o i n t  Performance. 
( 3 )  Subroutine F - Corresponding t o  a p a r t i c u l a r  p a i r  o f  s p e c i f i e d  
var iables,  t h i s  subrout ine c a l c u l a t e s  both d e r i v a t i v e s  o f  t h e  
var iab les  t o  be in tegra ted  and updates t h e  a l g e b r a i c  parameters 
a t  each i n t e g r a t i o n  po in t .  
( 4 )  Th i r teen FUNCTION Subprograms - These subprograms supply values 
f o r  t h e  s p e c i f i e d  var iab les  and t h e i r  d e r i v a t i v e s  throughout t h e  
i n t e g r a t i o n  region. The s p e c i f i e d  v a r i a b l e s  may be func t ions  of  
one or more d i f f e r e n t  f l i g h t  parameters. 
(5 )  Subroutine TRENOR - T h i s  subrout ine in tegra tes  t h e  general equat ions 
using a modi f ied Runge-Kutta Pred ic to r -Cor rec tor  technique which 
i s  described both i n  t h e  Path Performance s e c t i o n  and i n  Appendix 
G. Th is  subrout ine a l s o  ad jus ts  t h e  i n t e g r a t i o n  s tep s i z e  by 
ha lv ing  o r  doubl ing on t h e  bas is  o f  an e r r o r  c r i t e r i o n .  
Throughout t h i s  program, t h e  subscr ip ted v a r i a b l e  Y i s  used t o  denote 
any o f  t h e  f i v e  in tegra ted  v a r i a b l e s .  
f o l  lows: 
T h e i r  p o s i t i o n s  are  de f ined as 
94 
Y ( 1 )  = range, x 
Y ( 2 )  = weight, W 
Y ( 3 )  = a l t i t u d e ,  h 
Y ( 4 )  = f l i g h t  path angle, y 
Y ( 5 )  = ve loc i ty ,  V 
Once a s u i t a b l e  s e t  o f  s p e c i f i e d  var iab les  has been chosen, t h e  user 










1 0  
11  
1 2  
1 3  
14 
Spec i f ied  Var iab les FUNCTION Subprograms U t i l i z e d  
H, DH, DDH, V, DV 
H, DH, DDH, GAM, DGAM 
H, DH, DDH, ALPHA, DALPHA 
H, DH, DDH, W, DW 
H, DH, DDH, P 
V, DV, GAM, DGAM 
V, DV, ALPHA 
V, DV, W, DW 
V, DV, P 
GAM, DGAM, DDGAM, ALPHA, DALPHA 
GAM, DGAM, W, DW 
GAM, DGAM, P 
ALPHA, W, DW 
ALPHA, P 
Table D-1. R e l a t i o n  between Key numbers, s p e c i f i e d  var iab les,  
and FUNCTION subprograms. 
Based on t h e  Key numbers t h i s  program s e l e c t s  t h e  v a r i a b l e s  which w i l l  be 
i n t e g r a t e d  and those t o  be s p e c i f i e d .  Corresponding t o  a Key number, t h e  
user rnusi- prov ide relatlcns for t h e  associated FUNCTION subprograms as shown 
i n  Table D-1. Even though each s p e c i f i e d  v a r i a b l e  and i t s  d e r i v a t i v e s  are 
i m p l i c i t l y  funct ions o f  t i m e  ( t h e  independent v a r i a b l e ) ,  they may be e x p l i c i t  
f u n c t i o n s  of  o t h e r  parameters as wel l .  I f  t h i s  i s  t h e  case, it i s  mandatory 
t h a t  t h e  argument l i s t s  o f  both t h e  FUNCTION subprograms and o f  t h e  c a l l i n g  
statement i n  subrout ine F be made compatible. 
w i l l  i l l u s t r a t e  t h i s  procedure. 
The f o l l o w i n g  two examples 
Example ( 1 ) .  Choose v e l o c i t y  and angle o f  a t t a c k  as t h e  s p e c i f i e d  
var iab les .  
seven. For Key = 7, Table D-1 i n d i c a t e s  u t i l i z a t i o n  of 
subprograms V, DV, and ALPHA. L e t  v e l o c i t y  equal 1 5 1  
f e e t  per  second and angle o f  a t t a c k  equal t h a t  f o r  maximum 
l i f t  t o  drag r a t i o ,  as i n  Case (3)  o f  Table 5. The 
FUNCTION subprograms now appear as: 








FUNCTION DV ( T  1 
IMPLICIT REAL*8( A-H, 0-Z 1 





ALPHA = .10258D0 
RETURN 
END 
The FUNCTION c a l l s  o f  subrout ine F i n  t h e  Key = 7 sec t i on  
would then read: 
29 Y(5) = V(T) 
ALPHA1 = ALPHA(T1 
P I  = Y(Z)*Y(5)*DV(T)/G+ 
Example ( 2 ) .  This  example i s  more complex and i s  designed t o  he lp 
demonstrate the  program’s f l e x i b i l i t y .  
f l i g h t  path angle be t h e  s p e c i f i e d  var iab les .  
ind ica tes  Key = 6 and t h e  needed FUNCTION subprograms are  
V, DV, GAM, DGAM. 
landing ana lys is  described by Equations (54)- (59) .  The 
var iab les  are as fo l lows:  
Let  v e l o c i t y  and 
Table D-1 
Le t  V, $, y, and be those for t h e  
-.04363 radians 17.45 < H I 1500 
Y = {  
( X  - 34758.19) - tan” 
H - 18333.1 
f o r  a l l  H 
\ 
0 5 H < 17.45 
140.0 17.45 < H I 1500 
V =  I 
(50) H + 90. 
17.45 
0 I H I 17.45 
and s ince 
h = -  50 v sin y 50 9 dV dV dh v = - = - -- 
d t  dh d t  17.45 17.45 
Thus 
The FUNCTION subprograms corresponding t o  each of these 




IF(H.LE.17.45DO) GO TO 1 





1 GAM = -DATAN((X-34758.19DO)/(H-18333.1DO)) 
9 
0 
DGAM = O.ODO 
RETURN 
END 
FUNCTION V (H 1 
9 . 
IF(H.LE.17.45DO) GO TO 1 




1 V = 50.DO*H/17.45W+90.DO 
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1 FUNCTION DV(H,V,GAM) 
IF(H.LE.17.45DO) GO TO 1 




1 DV = 50.DO*V*DSIN(GAM)/17.45DO 
For these v a r i a b l e s  t h e  FUNCTION c a l l s  o f  subrout ine F 
i n  Key = 6 s e c t i o n  should read as fo l lows:  
These two examples i n  a d d i t i o n  t o  those o f  t h e  sample program, which appears 
l a t e r  i n  t h i s  Appendix, serve t o  i l l u s t r a t e  t h e  steps necessary f o r  supply ing 
t h e  s p e c i f i e d  var iab les .  
For analyzing a p a r t i c u l a r  a i r c r a f t ,  t h i s  program requ i res  i n p u t  data 
which may be grouped i n t o  t h r e e  categor ies.  Each i n p u t  v a r i a b l e  i s  def ined 
i n  d e t a i l  on t h e  f i r s t  page o f  t h e  program l i s t i n g .  
Group ( 1 ) .  The f i r s t  group, composed o f  a l l  in fo rmat ion  necessary t o  
c a l c u l a t e  maximum power a v a i l a b l e  as a f u n c t i o n  o f  v e l o c i t y  and a l t i t u d e ,  i s  
i d e n t i c a l  w i t h  t h e  i n i t i a l  s e t  o f  data cards for t h e  p o i n t  performance 
program. 
spec i f ied ;  the c o n t r o l  parameter ISUP which designates whether t h e  engine i s  
supercharged ( ISUP = 1 )  or unsupercharged (ISUP = 0) and t h e  reference 
a l t i t u d e  HREF ( f e e t )  which i s  t h e  a l t i t u d e  a t  which t h e  power versus v e l o c i t y  
data p o i n t s  are obtained ( f o r  a supercharged a i r c r a f t  HREF must be sea 
leve l  i n  t h i s  program) are read from t h e  f i r s t  data card. The nex t  N cards 
conta in  data p o i n t s  of maximum power a v a i l a b l e  PA ( f t - l b s  per  sec) versus 
v e l o c i t y  VA ( f t  per  sec) w i t h  one data p o i n t  per  card, and power s p e c i f i e d  
f i r s t .  Thus the f i r s t  N + 1 cards of t h e  two programs have an i d e n t i c a l  
purpose. 
The number N o f  power a v a i l a b l e  versus v e l o c i t y  data p o i n t s  t o  be 
Group (2). The second group c o n s i s t s  of v a r i a b l e s  which c o n t r o l  t h e  
i n t e g r a t i o n  of t h e  path performance equat ions.  
those var iab les  which w i l l  be in tegra ted  and those t o  be s p e c i f i e d .  PRINT 
g ives  t h e  frequency of p r i n t  out .  
h a l v i n g  t h e  step s ize.  
o f  t h e  step s ize  and HMAX i s  t h e  maximum step s i z e  permi t ted.  
The value o f  KEY i n d i c a t e s  
MAXHLV l i m i t s  t h e  n e t  number of t imes f o r  
ACCHLV and ACCDBL govern t h e  h a l v i n g  and doubl ing 
Group ( 3 ) .  The t h i r d  group includes i n i t i a l  c o n d i t i o n s  f o r  t h e  
t r a j e c t o r y ,  p e r t i n e n t  a i r c r a f t  c h a r a c t e r i s t i c s ,  t h e  maximum t ime for  t h e  
t r a j e c t o r y ,  and o t h e r  necessary parameters. These v a r i a b l e s  a r e  defined, 
complete w i t h  uni ts,  i n  t h e  program l i s t i n g .  
98 
Table D-2 g ives t h e  format s p e c i f i c a t i o n  f o r  t h e  i n p u t  o f  a l l  t h e  
necessary data. 
R 
I 1 0  
I S U P  R L E F  
r i a  ~ z a . 1 3  
P A ( 1 )  
0 2 0 . 1 3  
V A ( l 1  
0 2 0 . 1 3  
P A ( R )  
D 2 0 . 1 3  
V A ( N )  
D 2 0 . 1 3  
K E Y  I P R I N T  
I 1 0  I 1 0  
Table D-2. Input  format s p e c i f i c a t i o n  for  data of t h e  
Path Performance Program. 
w ~ x n ~ v  A C C B L V  A C C D B L  n nAx 
I 1 0  D 1 5 . 0  D 1 5 . 8  D 1 5 . 8  
T h i s  program is designed so t h a t  t h e  data of Group ( 1 )  ( f o r  computing 
For a p a r t i c u l a r  Pma,(h,V)) i s  read o n l y  once dur ing  t h e  program execut ion.  
v e h i c l e  w i t h  Pmax described by Group ( 1 )  data, s e t s  o f  data from Groups ( 2 )  
and (3) may be repeatedly read for c a l c u l a t i n g  several  d i f f e r e n t  t r a j e c t o r i e s .  
Upon complet ion of a s i n g l e  t r a j e c t o r y ,  t h e  program r e t u r n s  t o  t h e  statement 
where KEY, IPRINT, . . . are read. I f  KEY i s  any i n t e g e r  between 1 and 14 
t h e  program reads a new s e t  of Group (2 )  and ( 3 )  data. T h i s  process may be 
o f t e n  repeated. A f t e r  t h e  l a s t  t r a j e c t o r y  a card w i t h  KEY equal zero i s  
i n s e r t e d  t o  s top t h e  program execution. 
n i  v 1  
D 1 0 . 3  0 1 0 . 3  
The program l i s t i n g  and sample ou tpu t  which appear a t  t h e  end o f  t h i s  
appendix a re  used t o  i l l u s t r a t e  t h e  i n t e g r a t i o n  o f  two d i f f e r e n t  t r a j e c t o r i e s  
G A M 1  A L P B A ~  Y 1  P l  x 1  C 
D 1 0 . 3  D 1 0 .  3 D 1 0 . 3  D 1 0 . 3  D 1 0 .  3 D 1 0 .  3 
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T D K L  T p A X  G 
I 
D l 0 . 3  U A O .  3 0 1 0 . 3  
5 R n o  C L A O  C L A  C D O  
n i o .  3 D 1 0 . 3  0 1 0 . 3  D 1 0 . 3  D 1 0 . 3  
E A m  
D 1 0 . 3  D 1 0 . 3  
E X  V M X N  V I M P Z I  
D 1 0 . 3  D 1 0 . 3  . D 1 0 .  3 
dur ing  one program execut ion.  These two examples w i l l  adequately i l l u s t r a t e  
t h e  program’s operat ion,  even though several  o ther  cases could have e a s i l y  
been included. C o m p a t i b i l i t y  o f  t h e  FUNCTION subprogram argument l i s t s  w i t h  
t h e i r  c a l l i n g  statements may be observed i n  t h e  program l i s t i n g .  The sample 
ou tpu t  resu l ted  from t h e  program’s execut ion o f  t h e  example data s e t  i n  
Table D-3. The f o l l o w i n g  d iscuss ion descr ibes c o l l e c t i o n  o f  i n p u t  data f o r  
each example w i t h  t h e  t o t a l  data s e t  presented i n  Table D-3. The a i r f r a m e  
f o r  these examples i s  presented i n  F igure  2, and t h e  power (PA) versus 
v e l o c i t y  ( V A )  p o i n t s  were obtained from Appendix F. 
Example (1). An a i r c r a f t  i n i t i a l l y  weighing 2650 pounds and having a 
p a r a b o l i c  drag p o l a r  i s  t o  f l y  w i t h  angle o f  a t t a c k  for 
maximum l i f t  t o  drag r a t i o  a t  a constant  a l t i t u d e  o f  
10000 f e e t .  
Le t  




*0269 ’ IT( .98) (7.378) 
thus 
= .lo258 rad ians = 5.8778 degrees. ‘(L/D)max 
A 1 so, 
+ C a = .309 + 4.608(.10258) = .7817 La CL = CL (a=O) 
and 
CD = .0538 . 
A t  t h e  i n i t i a l  p o i n t  l i f t  must equal weight, so 
fP(ho)VtS CL = Wo 
o r  
V o  = 149.0 f t / s e c  
and 
Po = fp(ho)CDVl = 27173.0 f t - l b s / s e c  = 49.4 hp . 
Thus t h e  i n i t i a l  c o n d i t i o n s  a r e  as fo l lows:  
100 
I 
ho = 10000. 
yo = 0.0 
Vo = 149. 
cio = 5.8778 
Wo = 2650. 
Po = 49.'4 
xo = 0.0 
Values f o r  t h e  o ther  necessary parameters'are as 
f o l  lows: 
c = 0.6 C D ~  = .0269 
TDEL = 0.5 t = .98 
TMAX = 480.0 AR = 7.378 
G = 32.2 VMIN = 35.0 
S = 174. WEMPTY = 2150. 
= 0.309 
po = .00238 EX = 2.0 
C La = 4.608 CL(,=O) 
For a and h speci f ied,  Table D-1 i nd i ca tes  t h a t  KEY = 3 .  
The c o r r e c t  FUNCTION subprograms associated w i t h  t h i s  
value are shown i n  the  program l i s t i n g .  Typ ica l  values 
o f  t h e  o the r  parameters are as fo l lows:  
IPRINT = 10 ACCHLV = .001 
MAXHLV = 2 ACCDBL = .00002 
Since these inputs  produce r a t h e r  smooth s o l u t i o n s  a 
maximum step s i z e  of 60 seconds (HMAX = 60.) i s  employed. 
The second example w i l l  cons ider  an a i r f rame s l i g h t l y  d i f f e r e n t  from 
t h a t  o f  t he  f i r s t  example b u t  described by t h e  same maximum power curves. 
Example (2 ) .  A 2700 pound a i r c r a f t  i n i t i a l l y  f l y i n g  w i t h  v e l o c i t y  of 
120 f t / s e c  a t  sea level  and having a non-parabolic drag 
' p o l a r  i s  t o  c l i m b  under f u l l  t h r o t t l e  f o r  30 minutes w i t h  
a constant  f l i g h t  path angie of 1.5 degrees !.026179 
radians) .  Le t  
CD = e02987 + -07276 CL 2 . 9 9 1  
then 
CDo = e02987 
and 
.07276 I - =  
' TeAR 
o r  = .593 . 1 e = ~ ( 7 . 3 7 8 )  (.07276) 
Since l i f t  and weight must be made equal a t  t h e  f i r s t  po in t ,  
t he  i n i t i a l  angle o f  a t t a c k  i s  computed as fo l lows:  
101 
and 
a, = .12945 radians = 7.42 degrees 
The complete i n i t i a l  c o n d i t i o n s  are  as fo l lows:  
ho = 0.0 
vo = 120. 
yo = 1.5 
a, = 7.42 
Wo = 2700. 
Po = 153.5 
xo = 0.0 
Other necessary parameters are:  
c = 0.6 C D ~  = .02987 
TDEL = 0.5 E = ,593 
TMAX = 30.0 AR = 7.378 
G = 32.2 VMIN = 35.0 
S = 174. WEMPTY = 2150. 
EX = 2.991 
= 4.608 = 0.309 
po = .00238 
cL(a=O) 
For y and P as s p e c i f i e d  var iab les,  Table D-1 i n d i c a t e s  
KEY = 12. The c o r r e c t  FUNCTION subprograms associated 
w i t h  t h i s  value are  shown i n  t h e  program l i s t i n g .  Typ 
values of t h e  o ther  c o n t r o l  parameters are as fo l lows:  
IPRINT = 5 ACCHLV = .001 
MAXHLV = 2 ACCDBL = ,00002 
Since f l i g h t  path angle i s  r e s t r i c t e d  t o  be a constant 
ca I 
no o s c i l l a t i o n s  are  present  and HMAX i s  s e t  equal t o  30 
seconds. The i n p u t  d a t a  f o r  these two examples i s  
presented i n  Table D-3. The s o l u t i o n  t ime h i s t o r i e s  f o r  
these two examples a r e  presented i n  t h e  sample ou tpu t .  
The o v e r a l l  program has some l i m i t a t i o n s  which should be brought t o  
t h e  user 's  a t t e n t i o n .  Several o f  these could be overcome by increas ing t h e  
program's complexity, b u t  f o r  t h e  ana lys is  o f  l i g h t  a i r c r a f t  t h i s  was deemed 
unnecessary. The l i f t  c o e f f i c i e n t ,  CL, was r e s t r i c t e d  t o  l i e  between 0 and 
15 so as t o  prevent t h e  i n c l u s i o n  o f  a general r o o t  s o l v e r .  A maximum f l i g h t  
path angle o f  one rad ian  was imposed s o l e l y  as a check p o i n t .  For most Key 
numbers t h e  program may be used f o r  f l i g h t  path angles having magnitudes o f  
near ly  90 degrees. I n  t h e  d e r i v a t i o n  of t h e  general equat ions of motion, 
power was assumed independent o f  angle o f  a t t a c k .  I f  t h i s  r e s t r i c t i o n  i s  
102 
TDEL TMAX G S RHO CLAO CLA COO 
0.500 3.D+01 3.22DCOl 1,740+02 2.380-03 3.090-01 4.608DO 2.9870-02 
I 2 I ,  I 6 I I , ~ o i i ~ ~ 1 ~ u i ~ i r i i i i i i n ~ 1 1 1 ~ ~ ~ ~ ~ i i n ~ i l i i ~ ~ ~ ~  41 u u u (I m o a rn nsi p 
u1 v1 GAM 1 ALPHA1 W I  P1 X I  C 
. . .  . . .  
Table D-3. Input  data f o r  example given i n  Program 
L i s t i n g  and Sample Output. 
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t o o  severe, the user may modify t h e  equat ions i n  subrout ine F under a 
p a r t i c u l a r  Key number t o  p rov ide  for  any v a r i a t i o n  i n  power w i t h  angle of  
a t tack .  F i n a l l y ,  t h e  program s t r u c t u r e  i s  such t h a t  dur ing  one execut ion 
t h e  same v a r i a b l e  may n o t  be s p e c i f i e d  i n  two d i f f e r e n t  ways, s ince  t h i s  
would necess i ta te two d i f f e r e n t  FUNCTION subprograms for  t h e  same c a l l i n g  
statements. However, a v a r i a b l e  may be incremented f o r  several  s i m i l a r  
t r a j e c t o r i e s  by s imply passing a counter i n  t h e  argument l i s t  of t h e  
FUNCTION c a l l .  For most l i g h t  a i r c r a f t  s t u d i e s  t h e  aforementioned r e s t r i c t -  
ions pose no problem t o  t h e  user. 
The f o l l o w i n g  d iscuss ion conta ins " t r o u b l e  shoot ing" a i d s  f o r  t h e  user 
who has a new problem f o r  t h e  program t o  solve. 
reads: 
I f  t h e  program message 
( 1 )  "INCONSISTENT INPUT DATA, EXECUTION CEASED FOR THAT KEY NUMBER" - 
L i f t  and weight were n o t  equal or  t h e  program attempted t o  
c a l c u l a t e  a CD less than C D ~  a t  t h e  i n i t i a l  p o i n t .  
MAXHLV should be increased and/or use a smal ler  i n i t i a l  s tep 
s i z e  (TDEL). 
(2 )  "VALUE OF MAXHLV WAS EXCEEDED, EXECUTION STOPPED" - The value o f  
( 3 )  "ABSOLUTE VALUE OF FLIGHT PATH ANGLE BECAME GREATER THAN 1 .O 
RADIAN" - I f  t h i s  e r r o r  suddenly appears when t h e  ac tua l  p r i n t e d  
t i m e  h i s t o r y  i s  small  i n  magnitude b u t  o s c i l l a t o r y ,  t h e  c o r r e c t i v e  
a c t i o n  i f  t o  decrease HMAX so as t o  prevent  t h e  r a p i d  h a l v i n g  and 
doubl ing o f  t h e  step s i z e .  
(4 )  "ALTITUDE BECAME NEGATIVE" - Th is  may occur when t h e  ac tua l  t r a -  
j e c t o r y  c l o s e l y  approaches sea l e v e l ,  I f  t h e  i n i t i a l  a l t i t u d e  
i s  zero, then t h e  s t a r t  o f  i n t e g r a t i o n  may cause a s l i g h t  o s c i l -  
l a t i o n  which g ives an erroneous negat ive a l t i t u d e .  I n  t h i s  case, 
increase ho t o  perhaps 50 fee t .  
For maximum i n t e g r a t i o n  e f f i c i e n c y ,  values f o r  ACCHLV and ACCDBL may be 
adjusted based on t h e  experience o f  prev ious execut ions t o  produce a 
minimum o f  ha lv ing  and doubl ing t h e  step s ize .  
The f o l l o w i n g  l i s t i n g  and sample ou tpu t  complete t h i s  d e s c r i p t i o n  of t h e  
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Sample Output 
POWER AVAILA8LE. WS. VELO(;I lV 
REFERENCE ALT11WE 0.0 FEET 
PA(Fl-LOS/YCl VAtFT ISECI  
n i  - 10000. 
P I  - 49.40 
6 32.20 
COO - 0.26900-01 
MAmLV - 2 
YEMPTV - 2150. 
T I  ME ALTITUOE 
(MIMI (Fll 









V l  - 149.0 
X I  - 0.0 
S 174.0 
E - 0.9800 
ACCnLV - 0.10000-02 
EX - 2.000 
WELOCITV GAMMA 
( F T I S E C I  IDES1 
1 -  
1 -  
1 -  


















0-0  ..._._ __-__. _ _ _  **** IMTERVAL OW8LEO AT T - 0.77500 02  SECONOS **** IMlERVAL OQMLEO AT T - 0.15750 03 SECONDS 
**e* INTERVAL OW8LCO AT 1 - 0.31750 03 SECONDS 2.625 10000. 149-0 0.0 
10.29 10000. 148.9 0.0 


















































































































































































































































6411 - 0.0 ALPHA1 - 5.818 W 1  2650. 
C - 0.6000 TOEL - 0.5O00 
RHO - 0'.23800-02 CLAO 0.30.0 CLA - 4.608 
A I  - 1.318 KEV - 3 
ACCWL = 0.20000-04 nMAX - 60.00 V N I N  - 35.00 
TWAX = 480.0 
IPRINT - LO 
ALPHA CL 
t OEGl 
co WElS)(T PWER RANGE 













































5.871 0.7817 0-53800-01 2650. 
NEW lOEL - 0.10000 01 SECOWS **** 
NEW TDfL - 0.20000 01 S E C W S  **** 
NEW TDEL - 0.80000 01 SECMI)S **** 5.811 0.7817 0.53800-01 2650. MEW TOfL 0.40000 01 SECMlOS **** 
5.877 0.7817 0.53800-01 2650. 
MEW TOEL - 0.16000 02 SECONDS **** 
5.811 0.7817 0.53800-01 2649. 
5.817 0.1817 0.13800-01 264s. 
5.817 0.7817 0-53800-01 2640. 
5.811 0.1817 0.53800-01 2635. 
5.871 0.7817 0.53800-01 2630. 
0.7817 0.S3800-01 2625. 
0.53800-01 2620. 0.1817 
0.7811 0-53800-01 2616. 
0.1817 0.53800-01 2611. 
NEW mEL - 0.32000 02 s E c o m s  **** 


































































































































































































































H I  - 0.0 V I  - 120.0 
PI - 153.5 X I  - 0.0 
6 - 32.20 s - 114.0 
CDO - 0.2V8TD-01 E - 0.5v30 
IIAKHLV - 2 ACCMLV - 0.10000-02 
Y E I I C l V  - 2150. EN - 2.VVl  
TlUF ALTIlUDE VELOCITY 511111 
1)11*1 I F T I  I F T I S E C I  I D t C I  
0.0 **** INlERVAL 
0.41bTD-01 
0.0. INTERVAL 
0. I250 **.* INTERVAL 


















OWILED AT 1 
OGiJILEO 7 - 

















DWILEO A 1  1 - 
OWILED T 
DWILED AT 1 - 



























0 2  
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02 
























G A M 1  0 1.500 ALPHA1 - T.420 
C - O.bOO0 TDCL - 0.5000 
RHO O.23IOO-02 CLAO 0.3090 
AR T.318 KEY - I2 




NCY TOEL - 
5.5b8 
NEY TOEL - 
3.208 
NPY lDEL - 
NEY l o l l  - 
NEY TDEL - 



































































Y I  - 1100. 
TMAX 30.00 
CLA 9 *.bo8 
ICRINT - 5 
V M I N  35.00 
COYIR 







































APPENDIX E - Lift-Drag Curve Fitting Program 
User Instructions 
Using a Least-Square-Distance curve f i t  procedure (Ref. 26) t h i s  
program y i e l d s  a general drag p o l a r  of t h e  form 
where drag c o e f f i c i e n t  versus l i f t  c o e f f i c i e n t  data is suppl ied.  The program 
i s  w r i t t e n  i n  FORTRAN I V  and i s  designed t o  run  i n  double p r e c i s i o n  on an 
IBM 370-165 computer w i t h  an average execut ion t i m e  o f  th ree  t o  f i v e  seconds 
per  curve f i t  invest igated.  Since t h i s  program i s  designed t o  be used i n  
con junc t ion  w i t h  t h e  programs i n  Appendices C and D, t h e  user  has t h e  o p t i o n  
of f o u r  types o f  t h e  general drag polar:  
2 k4 
( 1 )  CD = k l  + k 2 C ~  + k 3 C ~  where a l l  f o u r  c o e f f i c i e n t s  k l ,  k2, k3, and 
k4 a r e  v a r i e d  i n  t h e  f i t t i n g  process, 
CD = C D ~  + k 2 C ~  + k j C ~  
k3, and k4 a r e  varied, 
2 k4 
(2 )  where C D ~  i s  s p e c i f i e d  by t h e  user and k2, 
k4 ( 3 )  CD = k l  + k 3 C ~  where k l ,  k3, and k4 are  var ied.  
( 4 )  
k4 
CD = C D ~  + k 3 C ~  
by t h e  user. 
where k3 and k4 a r e  var ied  and C D ~  i s  s p e c i f i e d  
For o p t i o n s  (2 )  and ( 4 )  t h e  f i r s t  s p e c i f i e d  data p o i n t  must be t h e  z e r o - l i f t  
drag c o e f f i c i e n t .  Note t h a t  t h e  func t iona l  form of t h e  general p o l a r  
p r o h i b i t s  t h e  use of negat ive values o f  CL. 
The program r e q u i r e s  t h e  s p e c i f i c a t i o n  of t h e  f o l l o w i n g  i n p u t  data: 
( 1 )  The number N of drag c o e f f i c i e n t  versus l i f t  c o e f f i c i e n t  data 
po ints ,  t h e  c o n t r o l  parameter IKEY which s p e c i f i e s  which o f  t h e  
four  types of t h e  general drag p o l a r  i s  t o  be used as t h e  
f i t t i n g  funct ions,  
(2)  The N data p o i n t s  o f  drag c o e f f i c i e n t  CD versus l i f t  c o e f f i c i e n t  
CL, one data p o i n t  per  card w i t h  CD s p e c i f i e d  f l r s t  i n  ascending 
o r d e r  based on t h e  magnitude o f  CL. 
115 
Statements ( 1 )  and ( 2 )  above represent  a complete s e t  o f  data f o r  one f i t t i n g  
process. Table 1 g ives  t h e  format s p e c i f i c a t i o n  o f  t h e  i n p u t  data. Upon 
complet ion of t h e  c a l c u l a t i o n s  w i t h  a complete s e t  o f  data t h e  program r e t u r n s  
t o  t h e  statement where N and IKEY are  read. 
o f  f i t t i n g  another data s e t  i f  desired. I f  N i s  p o s i t i v e  when N and I K E Y  
are read, a curve f i t  i s  performed on t h e  new s e t  of data. I f  N i s  zero 
t h e  program terminates. Thus, t h e  f i n a l  data i n  t h e  program must s p e c i f y  
N as zero. 
T h i s  g ives t h e  user t h e  o p t i o n  
Table E-1. Data format for  curve f i t  program. 
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I e - m a
Z - c 0
n 
- 
I l l  
a n  












0 0 0 0  
U U O Y  
- 

































N el . m a  




0 . c 
a 
0 


















9 c m F  









3 0 04 - 0  
..O 
I O N  
a -  
- l l  4 0 
---I. 


















0 Y. c d
f 

























0 -  . a -  ,-'.8 
t2- 




5 - . x 









x -  
d l  -- -- 2- 
C I  





Yuuuuvv"uu"uuuuuuuuuuuuuuuuuuuuuu u u u  u u u  u u u u u u u  u u u u  
- - 0  - -. 
-I a- . 0 -  . * a  
x I. 










o c  
C Y  . 
ID. - - N  -. - 
0 .  2 
o m  
0 .  .N 
0 .  .- - 
0 -  - 
Y -  
. O  a 
I C  . 
o r  z 
- 
x 
N O  - 0
- .O -c dy1 I z 
.u L 
-I? 
- x a  u-oca 
.:ti:; 
I I I I I  I 
IC N c 
uuu uuu U Y Y  u u u  u u u  Y U  uYuuuuuuuuuuuuu 
= a  a 
w -  







































7 -  -. 
- 7  
-3- I - 
.I m 
-n- I n  I 
- I  Y .- 






A * . 0 
- *  




- N  a0 
- 0  .I -. I 
. I .  
- I -  
d*  N *--  . I) a .-a 




I O I I .  I I  
. c - N  0, - -  n a  m p  













































































+;*+++++++ LFTER 100 ITERlT IONS 11.0 - RMSIRISOLOI.  W E  RELATIVE € R R o I  8ETYELN 
TYO SUCCLSSIVE vmua o t  rims, STILL EXCEEDS THE SPECIFIED ERROR P n n n u E w n  - 0.50oo-02 
RMS 0.225110-02 
CO - 0.470000-01 + 0.4948W-O1UL**Z + 0.685400-02.CL+. 0.105310 02 
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APPENDIX F - Power Estimation 
o u t  
use 
ava 
A step by step procedure f o r  es t imat ing  a i r c r a f t  power a v a i l a b l e  i s  w e l l  
ined i n  an appendix i n  Reference 7. 
u l  i n  p r e d i c t i n g  t h e  power a v a i l a b l e  i n  general, t h e  maximum power 
l a b l e  o r  t h e  maximum power a v a i l a b l e  f o r  continuous opera t ion  may be 
While t h i s  procedure i s  very 
found by using a s i m p l i f i e d  procedure. 
The type of p r o p e l l e r  c h a r t s  g iven i n  F igure F-1 has been t h e  standard 
NACA design c h a r t  s ince 1929. 
those having R.A.F. 6 and C l a r k  Y a i r f o i l  sec t ions  can be found i n  References 
The char ts -a l ready  e x i s t  f o r  many prope l le rs ;  
7 and 8. 
I n  s i z i n g  t h e  prope 
a b lade sect ion i s  t o  ca 
where 
Vn = des 
l e r  f o r  a new design, t h e  f i r s t  step a f t e r  choosing 
c u l a t e  Cs from t h e  equat ion:  
gn speed i n  m i l e s  per  hour, 
U 
0 = p/p, = dens i ty  r a t i o ,  
N = design engine r e v o l u t i o n s  per  minute. 
BHP = des ign brake horsepower, 
Using t h i s  value o f  Cs p r o j e c t  upward on F igure F-1 t o  t h e  broken l i n e  
o f  maximum e f f i c i e n c y  f o r  C,. 
and a hor izon ta l  p r o j e c t i o n  t o  t h e  V/nD scale g ives  t h e  design value o f  V/nD 
where V = the v e l o c i t y  i n  f e e t  per  second, n = engine r e v o l u t i o n s  per  
second, and D = p r o p e l l e r  diameter i n  f e e t .  
be found by: 
T h i s  p o i n t  determines t h e  design blade angle 
The blade diameter can then 
( V D )  (88) 
(N)  (V/nD) 
D =  ( i n  f e e t )  . (F-2) 
The 
t o  
ava 
t h e  
t h e  
design e f f i c i e n c y  i s  obtained by p r o j e c t i n g  upward from t h e  design Cs 
he e f f i c i e n c y  curve f o r  t h e  p a r t i c u l a r  design blade angle. 
I f  t h e  a i r c r a f t  a l ready e x i s t s  t h e  process o f  e s t i m a t i n g  t h e  power 
l a b l e  as a f u n c t i o n  o f  speed i s  somewhat d i f f e r e n t .  
p r o p e l l e r  diameter, t h e  p r o p e l l e r  sect ion,  t h e  engine BHP a t  ra ted  N, 
maximum value of N for continuous operat ion,  t h e  type  o f  p r o p e l l e r  
( f i x e d  p i t c h  orcons tan t  speed), and t h e  blade angle a t  75 percent  o u t  t h e  
p r o p e l l e r  radius. 
i s  then ca lcu la ted  accord.ing t o  t h e  procedures descr ibed below. 
One a l ready knows 
The maximum power a v a i l a b l e  as a f u n c t i o n  o f  v e l o c i t y  
Fixed P i t c h  Prope l le rs  
The maximum horsepower f o r  continuous opera t ion  a t  sea leve l  i s  taken 




V = (V/nD)(nD) 
where 
BHP = engine brake horsepower a t  N r ,  
f o r  continuous operat ion,  
Nc = maximum engine r e v o l u t i o n s  per  minute 
N r  = engine ra ted  r e v o l u t i o n s  per  minute, 
q = p r o p e l l e r  e f f i c i e n c y .  
The p r o p e l l e r  e f f i c i e n c y  f o r  a g iven blade angle a t  75 percent o f  t h e  pro- 
p e l l e r  radius i s  a f u n c t i o n  o n l y  o f  (V/nD) o r  V s ince  n ( n  = Nc/60) and D 
a re  spec i f ied .  Choosing values of  (V/nD) and us ing t h e  e f f i c i e n c y  curves 
for t h e  p a r t i c u l a r  blade sect ion,  t h e  va lue o f  (HP), 
f o r  each value of (V/nD) chosen. 
s i m i l a r  t o  the one below. 
and V can be c a l c u l a t e d  
One would thus be a f l e  t o  complete a t a b l e  























Table F-1. Sample t a b u l a t i o n  o f  maximum power and v e l o c i t y .  
Engine e f f i c i e n c y ,  i f  known, can be used t o  m u l t i p l y  t h e  r i g h t  hand 
s i d e  o f  Equation (F-3) so as t o  g i v e  a more accurate value o f  (HPlmax. 
The power a v a i l a b l e  a t  any a l t i t u d e  i s  obtained by m u l t i p l y i n g  t h e  sea 
leve l  power required by t h e  f a c t o r  (a - 0.165)/0.835 where u = p/po = t h e  
r a t i o  o f  t h e  densi ty o f  a i r  a t  a l t i t u d e  t o  t h e  dens i ty  of  a i r  a t  sea leve l  
( formula obtained from Reference 3 ) .  
Constant Speed P r o p e l l e r s  
The maximum horsepower for continuous opera t ion  a t  sea leve l  for a 
constant  speed p r o p e l l e r  i s  a l s o  g iven by Equation (F-3). Choosing values 
of (V/nD) e f f i c i e n c y  values can be obtained from t h e  envelope o f  t h e  
e f f i c i e n c y  curves s ince t h e  best  e f f i c i e n c y  a t  a p a r t i c u l a r  (V/nD) may be 
achieved by varying t h e  p r o p e l l e r  b lade o r  p i t c h  angle. 
constant f o r  the maximum power case, one can f i n d  n f o r  any value o f  V. 
(HPImax f o r  any v e l o c i t y  i s  then r e a d i l y  determined . The r e s u l t s  may be 
tabu la ted  as i n  Table F-1. 
Since n and D a re  
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APPENDIX G - A Predictor Corrector Method for Numerical Integration 
of Relaxation Dif ferentiol Equations 
By Neil1 S. Smith 
Relaxat ion  d i f f e r e n t i a l  equat ions a re  charac ter ized  by a s t rong depend- 
ence of  t h e  d e r i v a t i v e  of t h e  dependent v a r l a b ! e  on t h e  d i f f e r e n c e  between 
i t s  own va lue and a s lowly  va ry ing  funct ion.  Conventional Runge-Kutta and 
p red ic to r - co r rec to r  methods are  unable t o  handle these types o f  equat ions.  
General ly,  these convent ional  methods develop s t rong  o s c i l l a t i o n s  when 
app l ied  t o  r e l a x a t i o n  d i f f e r e n t i a l  equations. 
Trenor  (Ref. 31) der ived  a mod i f i ca t i on  o f  a four th -order  Runge-Kutta 
method f o r  use w i t h  r e l a x a t i o n  d i f f e r e n t i a l  equat ions.  H is  method i s  
p a r t i c u l a r l y  use fu l  because it becomes i d e n t i c a l  t o  t h e  convent ional  Runge- 
Kut ta  i n  reg ions where t h e  d e r i v a t i v e  i s  n o t  s t r o n g l y  dependent on the  va lue  
o f  t h e  dependent va r iab le .  Thus h i s  method can be app l ied  t o  a d i f f e r e n t i a l  
equat ion which i s  no t  o f  r e l a x a t i o n  form over  t h e  e n t i r e  i n t e g r a t i o n  range. 
C o n t r o l l i n g  the  i n t e g r a t i o n  step s i z e  i n  o rde r  t o  ma in ta in  a s p e c i f i e d  
accuracy i s  d i f f i c u l t  w i t h  Runge-Kutta methods. The usual p r a c t i c e  i s  t o  
i n t e g r a t e  from t h e  p o i n t  xo t o  the  p o i n t  xo + h us ing  t h e  s tep s i z e  h and 
then i n t e g r a t e  again from xo t o  xo + h us ing  t h e  s tep  s i z e  h/2. The d i f -  
ference between t h e  two r e s u l t s  obtained a t  xo + h i s  used t o  determine 
whether the  s tep  s i z e  should be halved, doubled, o r  remain t h e  same. 
procedure requ i res  e leven evaluat ions o f  t h e  d e r i v a t i v e  func t i on  t o  i n t e g r a t e  
forward one step. 
T h i s  
On the  o t h e r  hand, c o n t r o l l i n g  the  s tep  s i z e  t o  main ta in  a s p e c i f i e d  
accuracy i s  f a i r l y  s imple w i t h  p red ic to r - co r rec to r  methods. The d i f f e r e n c e  
between t h e  cor rec ted  and pred ic ted  values o r  t h e  d i f f e r e n c e  between two 
successive i n t e r a t e d  values o f  t h e  co r rec to r  can be used t o  c o n t r o l  t h e  
s tep s i ze .  
eva lua t ions  of t h e  d e r i v a t i v e  func t ion  per  i n t e g r a t i o n  step. 
Thus t h e  p red ic to r - co r rec to r  method requ i res  on ly  two o r  t h r e e  
Obviously the re  r e s u l t s  a great  savings i n  computational t ime w i t h  
p red ic to r - co r rec to r  methods; therefore,  a p red ic to r - co r rec to r  method t h a t  
cou ld  handle r e l a x a t i o n  d i f f e r e n t i a l  equat ions would be extremely use fu l .  
Such a p red ic to r - co r rec to r  method i s  der ived i n  t h i s  Appendix by app ly ing  
Trenor 's  m o d i f i c a t i o n  t o  t h e  co r rec to r  o f  t h e  convent ional  Adams-Bashforth 
p r e d i c t o r - c o r r e c t o r  method. I n  regions where the  d i f f e r e n t i a l  equat ion i s  
n o t  o f  r e l a x a t i o n  form, t h e  modi f ied c o r r e c t o r  becomes i d e n t i c a l  w i t h  t h e  
convent ional  Adams-Bashforth cor rec tor .  
The procedure f o r  i n t e g r a t i n g  the  f i r s t - o r d e r  d i f f e r e n t i a l  equat ion 
from t h e  p o i n t  xn t o  Xn+l = Xn + h by t h e  convent ional  Adams-Bashforth 
method i s  g iven below: 
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( 1 )  An est imate o f  t h e  va lue of y a t  t h e  p o i n t  x ~ + ~  denoted by mn+l 
i s  obta ined w i t h  t h e  p r e d i c t o r  equat ion 
G-2 1 - h 1 f 1 1 mn+ 1 - Yn + 24 C55 Yn - 37 Yn-1 + 15 Yn-2 - 9 yn-37 - 
1 
( 2 )  An est imate of  t h e  d e r i v a t i v e  o f  y a t  xn+1, denoted by mn+l, i s  
obtained by eva lua t i ng  Equat ion (G-1 )  a t  t h e  p o i n t  (xn+1, m n + l ) .  
1 
mn+l = f(xn+l,mn+l) (G-3) 
1 
( 3 )  Using mn+l ( t h e  est imated d e r i v a t i v e  of y a t  xn+1) a f i n a l  
corrected value o f  y a t  x ~ + ~  i s  obta ined w i t h  t h e  c o r r e c t o r  
equation 
Although genera l ly  very s a t i s f a c t o r y ,  t h i s  method f a i l s  when Equat ion (G-1) 
i s  o f  r e l a x a t i o n  form, i.e., it can be w r i t t e n  approximately as 




where P i s  a large p o s i t i v e  number, and y i s  a s lowly  va ry ing  func t i on  o f  x. 
A mod i f i ca t i on  o f  t h e  c o r r e c t o r  Equat ion (G-4) t h a t  enables t h e  Adams- 
Bashfor th  method t o  handle t h e  above s i t u a t i o n  i s  der ived  below. 
Fol lowing Trenor 's  procedure, it i s  assumed t h a t  Equat ion (G-1)  can be 
approximated by 
dx 
over  t h e  i n t e r v a l  from xn-3 = xn - 3h t o  xn+1 = xn + h. 
be i n teg ra ted  t o  g i ve  
+ D ( x  - x n I 3  (G-6) 
, 'n) = f (x,y)  = - P(y - yn) + A + B(x - xn) + C(x - 
Equat ion (G-6) can 
Yn+I - Yn + h [AFl + hBF2 + 2h2CF3 + 6h3DF4] (G-7) 
where t h e  funct ions Fn a re  s imple exponent ia l  f unc t i ons  o f  Ph 
Fo = exp [-Ph] 
(G-8) 
The f i v e  constants A, B, C, D, and P a re  evaluated by r e q u i r i n g  Equat ion (G-6) 
be s a t i s f i e d . a t  t h e  f i v e  p o i n t s  Xn+i, i = l,O,-1,-2,-3. The resu I ti ng 
expressions f o r  these f i v e  constants  a re  
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h B = - -  ‘n-2 +-t- ‘n ‘n+1 
6 ‘n-1 2 3 
bhsD = - -.I ~ ~ - 2  f 2 z 7  Ln- j  - 3 Z, + zfi+1 
1 1 I 1 1 
Yn+l - 4yn + 6 ~ n - 1  - 4yn-2 + yn-3 
Yn+ 1 - 4 ~ n  + 6Yn-1 - 4yn-2 + Y,-3 
p = -  
1 1 1 
where Zn+i = yn+- + PY,+~. Since Yn+l and Yn+l a r e  used t o  determine t h e  
f i v e  constants, kquat ion (6-7) represents a c o r r e c t o r  equat ion t h a t  i s  t o  
be used i n  p lace o f  t h e  convent ional  c o r r e c t o r  g iven by Eqyat ion (G-4). When 
P = 0 (corresponding t o  no re laxat ion- type dependence of y 
F2 = 1/2, F3 = 1/6 and Fq = 1/24, and Equation (6-7) becomes i d e n t i c a l  t o  t h e  
convent ional  c o r r e c t o r  g iven by Equation (G-41, Since P i s  c o n t i n u a l l y  
c a l c u l a t e d  as t h e  i n t e g r a t i o n  proceeds, t h e  p r e d i c t o r - c o r r e c t o r  method obta ined 
by r e p l a c i n g  t h e  c o r r e c t o r  g iven by Equation (6-4) w i t h  t h e  modi f ied c o r r e c t o r  
g iven by Equation (G-7) w i l l  automat ica l ly  handle any r e l a x a t i o n  dependence 
t h a t  appears i n  t h e  d i f f e r e n t i a l  equation. I n  reg ions where t h e  d i f f e r e n t i a l  
equat ion has no r e l a x a t i o n  dependence ( P  = 01, t h e  method au tomat ica l l y  
becomes i d e n t i c a l  t o  t h e  o r i g i n a l  p r e d i c t o r - c o r r e c t o r  method. 
on y),  then F1 = 1, 
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APPENDIX H - A Discussion on Specific Fuel Consumption 
Throughout t h i s  work it has been assumed t h a t  t h e  s p e c i f i c  f u e l  
consumption, c, o f  a p i s t o n  engine i s  constant.  Th i s  o f  course i s  a r a t h e r  
gross approximation and it i s  t h e  purpose o f  t h e  present  sec t i on  t o  
determine how ser ious  t h e  e r r o r  i s ,  how one may incorpora te  a more exact  
model i n  the  c a l c u l a t i o n s  i f  desired, and how t h e  use o f  a more exact  
model w i l l  a l t e r  t h e  conclus ions reached p rev ious l y .  
A p i s ton  engine i s  a very complex machine; thus, unless one uses 
experimental data g i v i n g  power and f u e l  f l ow  r a t e  as func t ions  o f  man i fo ld  
pressure and s h a f t  speed i n  a t a b l e  look-up form, it i s  necessary t o  make 
some approximations t o  these c h a r a c t e r i s t i c s  i n  o rder  t o  o b t a i n  managable 
func t i ona l  forms. The exper imental  c h a r a c t e r i s t i c s  shown i n  t h e  f i g u r e s  
below ind i ca te  t h e  magnitude o f  t h e  problem. 
T FULL THROTTLE- 
0HP 
N 
Figure H-1. Typ ica l  v a r i a t i o n  o f  BHP w i t h  RPM f o r  
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F igu re  H-2. Typ ica l  v a r i a t i o n  of SFC w i t h  RPM f o r  
var ious  constant t h r o t t l e  s e t t i n g s .  
f 
SFC --- 1 e E P  LIMIT 
1 . :  I . 1 L I 1 I I 
BHP 
F igu re  H-3. Typ ica l  v a r i a t i o n  of  SFC w i t h  BHP f o r  
var ious  constant RPM s e t t i n g s .  
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The constant speed contours i n  F igure H-3 are given f o r  each 100 RPM 
above f a s t  i d l e .  
I n  terms of t h e  t h r o t t l e  pos i t ion ,  Tpand RPM, N, a f a i r l y  good 
representat ion o f  t h e  power ou tpu t  i s  
where t h e  value o f  C1 and C2 depends upon t h e  p a r t i c u l a r  engine involved. 
Dur ing most o f  t h e  f l i g h t  regime one could normal ly a t tempt  t o  operate 
a t  minimum fue l  consumption. On an a i r c r a f t  equipped w i t h  a constant  speed 
p r o p e l l e r  t h i s  means one w i l l  genera l l y  move down a constant  N contour 
(F igure  H-3) u n t i l  f u l l  t h r o t t l e  is reached and then along a constant  
man i fo ld  pressure contour. 
f a i r l y  accurate ly  by a f u n c t i o n  of t h e  type 
T h i s  type o f  opera t ion  can u s u a l l y  be represented 
A1  3 c = - +  A2P . 
P 
Obviously, more complex func t ions  can be used t o  o b t a i n  more accurate 
d e s c r i p t i o n s  o f  experimental r e s u l t s .  
For t h e  moment suppose t h e  foregoing expression for  c represents t h e  
phys ica l  s i t u a t i o n  adequately. How then does one incorporate i t  i n  t h e  
performance anaIysis,and how are  t h e  previous conclusions one obtained 
on t h e  b a s i s  of  t h e  simple, l i n e a r  fuel-f low-power f u n c t i o n  a l t e r e d ?  
t h e  more general f u e l  consumption funct ion,  
For 
= A, + A2P4 . 
Mechanical ly, such a f u n c t i o n  presents no s u b s t a n t i a l  d i f f i c u l t i e s  i n  
t h e  computation procedure, a l though t h e  program i n s t r u c t i o n s  would have 
t o  be changed t o  accomodate it. General ly, it i s  t o  be expected t h a t  
such a fuel-flow-power r e l a t i o n  does n o t  a l t e r  t h e  speed f o r  maximum 
endurance and reduces t h e  range achievable w i t h  h igh power (>75%)  
t r a j e c t o r i e s  . 
I f  one wished t o  perform t h e  computation prec ise ly ,  t h e  f o l l o w i n g  
procedure i s  suggested: 
1. Obtain from t h e  engine manufacturer t h e  most r e l i a b l e  data he 
has on t h e  engine i n  quest ion and p l o t  t h e  f o l l o w i n g  curves: c versus P 
w i t h  N as parameter, c versus P w i t h  mani fo ld  pressure as parameter. 
p l o t s  should include t h e  e f f e c t s  o f  a p a r t i c u l a r  p r o p e l l e r ' s  e f f i c i e n c y  
so t h a t  power i s  r e a l l y  t h r u s t  horsepower. 
The 
2. Employ a l e a s t  squares polynomial f i t  t o  each f a m i l y  o f  curves. 
3. Then when one s p e c i f i e s  a manifold pressure and an engine speed, 
he so lves t h e  two equat ions s imultaneously t o  o b t a i n  c and P. 
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4. The path performance computation i s  changed as ,J ows : 
( a >  E i t h e r  manifold pressure or  engine speed o r  both-must be 
I f  both a re  s p e c i f i e d  c and P are both found and W can be spec i f ied .  
computed. 
a s o l u t i o n  of t h e  system o f  equat ions i n  Appendix B must be used i n  
con junc t ion  w i t h  t h e  two curve f i t s  t o  f i n d  c and engine speed o r  
mani fo ld  pressure, whichever was prev ious ly  unknown. 
I f  o n l y  one i s  s p e c i f i e d  the  power requ i red  which comes from 
(b)  The value of c corresponding t o  The required value sf P 
i s  then inser ted  i n  t h e  path performance equat ions and t h e  computation 
cont inues f o r  another small  increment i n  t i m e  
The magnitude o f  t h e  programming task i s  
t h e  pressures o f  t ime d i d  n o t  permi t  i t s  comp 
of t h e  present work. 
q u i t e  ev ident .  Unfor tunate ly ,  
e t i o n  dur ing  t h e  prepara t ion  
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